| Be PREPARED FoR | EDITION

J E E 20716

| MAIN & ADVANCED

Play with

Graphs
B3

Scanned by CamScanner

e A A A ry
U V1. ,-r‘"i‘l‘r; S“%arwat




BE PREPARED FOR

JEE

MAIN & ADVANCED

Play with

Graphs

Amit M, Agarwal

- ARIHANT PRAKASHAN, MEERUT

Scanned by CamScanner



d

All rights reserve

% © Author
No part of this P
electronic mecha

ublication may be refproduced, stored in a retrieval system or by any means
recording, scanning, web or otherwise without the :

nical, photocopying,
rihant has obtained all the information in this book

written permission of the publisher. A
from the sources believed to be reliable and true. However, Arihant or its editors or authors
or illustrators don’t take any responsibility for the absolute accuracy of any information

published, and the damages Ot loss suffered thereupon.

All disputes subject to Meerut (UP) jurisdiction only.

% Administrative & Production Offices

Regd. Office 'Ramchhaya' 4577/15, Agarwa
Tele: 011- 47630600, 43518550;

Head Office Kalindi, TP Nagar, Meerut (UP) - 250002
Tel: 0121-2401479, 2512970, 4004199; Fax: 01

| Road, Darya Ganj, New Delhi -110002

Fax: O11- 23280316
21.2401648
tm‘v 2

" Sales & Support Offices

;\{g:ia, Alzlmeda})ad, Bengaluru, Bhubaneswar,
Hydera ac_i, Jaipur, Jhansi, Kolkata, Lucknow, Meerut, Nagpur

Bareilly, Chennai, Delhi, Guwahath

& Pune

- ¥ ISBN 9789311126128

A Price 219500

i Zii::slg grihapt DTP Unit at Meerut
Fofu : oundby Arihant Publications (1) Led. (Press Unit)
! further information about the books from Arihant,

Wwww.ariha gy
Www.arihantbooks.cor 2
Cion o OL email to info@arihantbooks.com

>

Scanned by CamScanner



CONTENTS

1. Introduction to Graphs

1.1 Algebraic functions -
1. Polynomial function ]X
2. Rational function
3. Irrational function
4, Piecewise functions

1.2 Transcendental functions
1. Trigonomecric function
2. Exponential function
3. Logarithmic function
4. Geometrical curves

1.3 Trigonometric inequalities

1.4 Solving equations graphically

2. Curvature and Transformations 51137
2.1 Curvature B{

2.2 Concavity, convexity and points of inflexion

2.3 Plotting of algebraic curves using concavity

2.4 Graphical transformations

2.5 Sketching h(x)= maximum (f(x), g(x)} and h(x)= minimum {f (x), g(x)}
2.6 When f(x), g(x)— fx) + g(x) = h(x)

2.7 When f(x), g(x) —f(x). g(x) = h(x)

Asymptotes, Singular Points and Curve Tracing 138169

3-1 Asvrnptotes

3.2 Singular points

. me i :

o HINTS & SOLUTIONS

Scanned by CamScanner



37

i
|

|

t

‘sydeup jo uogonposul

w In this section,

s

we shall revise some basic curves which are given as.

Polynomial

Rational
Algebraic |- 2
= (S )
=>{ Fiocnise) = |
7@[ Greatest integer function]

_FLFractional part function ]

P =
| FUMICTION !lf'a“] = ==p{ Least integer functim

=z Trigonometric

- Exponential

'-ﬂ-k[Logarithmic/Inverse of exponential
_b( Transcendentm—— ]

-»[Geometrical curvea

An-»Unverse trigonometric curve@

B . Polynomial Function

. Afunction of the form:

‘ f(xX) = ay+ ax+ ayx* + ... + a,x";
Wherene N and ga,, a;, a,,...9, € R.

Then, fis called a polynomial function. “f(x) is also called polynomial in x”.
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{ basic po!ynomial functions are

tion/Graph of f(x) = X
fined by f(x) = x forall xe R iy o)

Some O
(1) Identity func
A function f de
ity function. , '
iR n;;?,:uy = y clearly represents a slr:nll",ght' line Passing throyyy,
i tye origin and inclined at an angle (?f 45 ‘ with X-axis shown ag:
L The domain and range of identity functions are both

ed the

i

i
i
H

J’;..Q.E equai to R
{8
v ,
PR s ot x = x : .
| & (if) Graph of f(x) 2 4 called the o Fig, 11
¥ | A function given by f(x) = x” is called the square functiop, ',
. The domain of square function is R and its range is R* , {( Iy

1—- Clearly y:xz, is a parabola. Since y = x* is an even
<~ function, so its graph is symmetrical about y-axis, shown as: of T,

3

e

3 X [
3 } ool
-?M-i 1

. (iif) Graph of f(x) = X’
o

I5 B A function given by f(x) = x” is called the cube function.
_ﬂf_‘»:; et The domain and range of cube are both equal to R.
e Since, y = x> is an odd function, so its graph is symmetrical

about opposite quadrant, i.e., “origin”, shown as:

(iv) Graph of f(x) = x*"; ne N
If n e N, then function f given by f(x) = x*" is an even function.
So, its graph is always symmetrical about y-axis.
o Also, x*>x*>x0>x8>.., forallxe(-1,1)
and x*<x*<x®<x®<.. forallxe (—=o,—1) U (1)
‘Graphsofy = x2, y = x*, y = x°,..., etc. are shown as:

Fig. 1.3

S MCraphoffpg s 497
i symme:ifal en the function f given by f(x) = x
7" boutorigin or opposite quadrants.

. S0,
nCﬂOﬂ-
2n-1 5 an odd fU
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Here, comparison of values of x, x' x
[ for
:l ye (1, =) x< x? « x”
| X € (0, 1) x> x! > o s N
ve(-1,0) x<xd o x® e
x € (~0,— 1) x> x5 x5,
Graphs of f(x) = x, f(x) = x", f(x) = x

yo..are shown as in
Fig. 1.5

2. Rational Expression

A function obtained by dividing

Fig, 1.5

apolynomial by another polynomial is called a rational function.
P (x,
= f )= 25%
Q (x)
Domaine R ~ {x | Q(x) = 0}
ain € R except those points for which denominator = 0,
Graphs of some Simple Rational Functions

(i) Graph of f(x) = —:;

ie., dom

sydei jo uononponuy

A function defined by f(x) = 1 is called the reciprocal
X

function or rectangular hyperbola, with coordinate axis as
asymptotes. The domain and range of f(x) = z is R - {0}.
x

Since, f(x) is odd function, so its graph is symmetrical
about opposite quadrants. Also, we observe

Fig. 1.6

lim f(x)=+e and lim  f(x)=-o .
x — 0t xX—= 0"

x>t = f(x)— 0

Thus, f(x) = 2 could be shown as in Fig. 1.6.
x

and

() Graph of f(x) = 1
, x
~ Here, f(x)= —5 is an even function, so its graph is symmetrical about y-
i i X
-~ Domain of f(x)isR — {0} and range is (0, o), y
..f_Also,_as Y > e as lim f(x) or
; M x = 0*

axis.

lim  f(x) .
o X = 0

y—=0 as lim  f(x).

X~ + oo

; , 1 0
ThuS, f(x) = —3 could be shown as in Fig, 1.7.
RO X%

Fig. 1.7
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1 ‘n "4 N
(1) Graph of f(X) = e o~ ity graph 1o
l T i ID(M funé
pere, [(X) = o quadran®
‘ pov nd
n‘ymnm!r““ ‘,"l hen H ", (x) #
Also, Y s .,
' (x)

¥ e I
_’ y=- y 00 l ote \
Bt yreny DH
w4 f(x) @
et {hus, the graph for / x! \
g 3 noof f(x ); whlch has
b i be gimilar 10 the graph "
B xes, shown s in Vig, 1.8 Fig. 1.2
LR paymptoted an coordinate axes,

W n 1 , N

LA () Graph of f(X) = Y’ ]
o5 = is an cven
Pl we observe hat the function f(x) = 4
o R b ut -axis.
10 function, so IS graph 15 sym“‘“‘?c)”‘ e }; m {00
o x) or lim f
EI Also, ¥~ hm f x = 07
bt oow tm 0o Jm SO
{58 TR T X 00 ’
The values of y decrease as the values of x increase.

Thus, the graph of f(X)=— f(x) = .., etc. will be Fig. 1.9
similar as the graph of f(x) =— Wthh has asymptotes as coordinate axis. Shown asinFiz

3, Irrational Function
The algebraic function containing terms having non- integ

irrational functions.
Graphs of Some Simple Irrational Functions

(1) Graph of f(x) = x"2

ral rational powers of x afe lz

Here; f(x) = Jx is the portion of the parabola y? = x, which
lies above x-axis. -
Domain of f(x) € R* u{0} or [0, )
- and ‘ range of f(x)e R* U{0} or [0, «).
| Thus, the graph of f (x) - xV/2 is shown as;
,. Nm \ .f;f(x)f x" and ‘g(x) x“" then f(x) and g(x)are inverse of \ Fig. 1.10
x)= X/ iIS_ath’e' mirror image‘a_b_OitY,:jJ

i
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{m araph of fix) = x¥3

Asdiscussad above, if \(\\ = 3

js IMAgT of gla) about v = - Then f{x) = xt . [
Whare woman fix)e ., LS e :
and range of fXeR i Ma !
Thus, the graph of f{yx) = U3 & Els -3
A ;L\):,-‘- e o i . - (5 4 :
REt ’ X718 shown in Fig. SR
)
(iii) Graph of f(x) = “he N 4 .5._
Here, f(x) = x¥* is defin ? :
-4 edforallx e . =x , -
taken by 7(x) are positve. [Q ~)and the values ,-"'y (o}
So, domain and range of (.ﬂ are [Q ) ~ A
y = - = - A ] -x -
Here, the mph of F(x)=x"* is the mirror image of the Tz yox'e | m
graph of f(x) = x™* abour the line ¥ =x, when x € [Q, =) % 3
Thus, 7(x)=x'7, fx)=x¥*, _are shown as; o 1 x .-
(iv) Graph of f(x) = x¥*!, when n< N i

Here, f(x) = x> is defined for all x< R. So.
domain of f(x) € R, and range of 7(x) = R. Also the
graph off(x) = xV**! is the mirror image of the graph
fo(.l)‘\ aboutrhehne\ =xwhenx=R.

Thus, j(.\)'—‘.\' . _r(.1)=.\‘ S .... are shown
as;

Note We have discussed some of the simple curves
for Polynomial, Rational and lrrational
functions. Graphs of the some more difficult
rational functions will be discussed in

~ chapter 3. Such as;
X 1 L+x+1

W (e rT s,
x+1 x2—1 x—-x+1

. Asdiscussed piecewise functions are: . .
~ {a) Absolute value function (or modulus funcdon), (b) Signum funcdon. 1
~ {c) Greatest integer function. (d) Fractonal part functon. 34
** {e) Least integer function. k&
a)"‘kbsolute value function (or modulus function)
: g% x=20 T
y=lxl=1_, ,x<0 5

yv=

B

©intrepidGeeks

L.
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o value of X7
«ical value 01 »
" m\‘}:‘tlic about y-axis’ where domain e R
efr s Symme
3 i range € [0, =)
g 4 A

" rties of modulus functions

. Prope il o

‘ (n'xls_a::;‘" .

i “il\‘l“l N or x=a, (a2 0)
Lo@lE

o

“uis th

ainy |2 1S | x|+ 1]
@) Ixtyl 2 IREL
y= Sgn(x) -

" : () Signum function;

~s§ - uis defined b};\-l ) . WL if x>0 1 —

e 0; 3 ,if x=0 1
Qt Domain of f(x) € R. 11

s - er
e Range of ()€ .0, Fig 115

E w, <) Greatest integer function . :
it H [x] indicates the integral part of x which is nearest and smaller iy
5 imeq-er to x. It is also known as floor of x. /\
e MR Ca31=2 [023]=0[2=2 [-80725]==5.... n o
Peteri - eral: ' b
g < ... e n<x<nt 1 (ne Integer) = [x]=n. ) Fig. 1.16
C Here j(x)=[x] could be expressed graphically a5 .
e : i =
;:i "..;'f".' el — x : [ ] T 2 .__(
Wx .., A 0<x<l : 0 1y e—
P 18X <2 1 ) . ) Sl —+—
‘ tr3 - 3 0 1 2 3 4w
_2<x<3 2 o—dt 1
Thus, f(x) = [x] could be shown as; —t 1-2
Properties of greatest integer function N }-s
() [x] = xholds, if x is integer. Fig. 1.17

(@) [x+I1=[x] + I, ifIis integer.
@) e+ 12X+ [yl
) o (]2 L then o (x)2 L.
- ) FIO (<, then ¢ (x)< T + 1
(“') [-x1=-[x] if x € integer.
' (v") ;"‘] o [x] -1, if xeinteger.
‘ ‘, a& Balsokmwn as stepwise function/floor of x.”
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) fractional part of function
L&

Here, {.} denotes the fractional partofx. Thus, in y = {v).

1=[l]+(\‘-l+l \\hucl—[\l and [ ={x]

Y =1{x} = x -], where 0 < {x} < L: shown as:

s £ {x} 1] ).

"05 x<1 X e

—ﬁls.r<2 { o, N fgrunia D / 1" """ S A ‘y L

*25x<3 } x-2‘ //z 0// './‘-x
-1<x<0 x+1 oo o 2 3
-2<x<-1 X+ 2 Fig. 1.18

properties of fractional part of x
@ {xt=x; if 0<sx<1
(i) {x}=0; if xe integer.
(i) {-xr=1-{x}; if xe integer.
(e) Least integer function

y =0 =[xl
(x) or [x] indicates the integral part of x which is nearest and greatest integer to x.
It is known as ceiling of x.

sydeip jo uononponuy

Thus, r2 3023" 3, (023)=1, (-80725)=- 8 (-0.6) =0 (X=n (x) =[X]= 1 +1
: In general, n<x<n+1 (neinteger))
z Le., [x] or ()=n+1 + =
L shown as; T, 2y
Here, f(x) = (x) =[x], can be expressed graphically as: ig. 1.1
y-axis
st [x] = (x) 5 e
‘0<x<1 1 11)—e
l<x<2 2 % 9 _§_‘_r1 01 & A xaxis
A _1 +
- —2<x<-1 -1
NP 3 )—O -2
=3<x< -2 -2 > i

.‘ _'beperties of least integer function Fig. 1.20 | ‘.
D () =[x] = x, if x is integer.

(i) (x+ D =[x+1I]=(x)+1;if Ie integer.
(111) Greatest integer converts x = I + f to [x] = I while[x] converts to (] + 1).

‘e‘_shall discuss the curves: .
-‘{S;n X}, y= {x3} y={sin™" (sin x)} y=[sin x], etc. in chapter 2. (Curvature and st
.ransformations) - T

Scanned by CamScanner



RANSCENDENTAL FUNCTIONS

[ L

ussed in two ways ie.,

n iS uR” and range iS ["'1, 1].

Graph diagram ang Circle diagra
ram y

S ——————
———

’h‘::

Q. omain of SN netio
E .+ Graph diagram i) ; Y,
is an 3n

g~ (On x5 ¢ Y™ ncreases ( 2! 1) | B )
i f(x)=sinb . reases B T T
[ _L,,. mCtly from ~1to lasx increases /N | BN T
%‘;“; m "o T Jecreases strictly h
N from —7 4 y )
; i-ﬂ 2 from — -2 _3n -m _i OA 1
ﬁ_ from 1t0-135X increases from =~ 2 5 z

s Aeeeememeseeseenennees /1
R‘Jf— 3n e have graph I ]
e Ay and so on- W £ i
T & ighti fter Fig. 1.21
7 ] Here, the height is same 2 ' '
jj every interval of 2. (i.e., In above figure, AB = CD after every interval of 2r).
3 Iled periodic function with period 2.

+ sinxisca

Circle diagram '
(On trigonometric plane or using
quadrants). Let a circle of radius ‘1,

i.e., unit circle.
Then,

sino. =

)

)

sinf =

siny=- :

d v
sin8=—-1-,..., shown as.

. sinx generates a circle of

....5m,3m,7

—~—de -

0=y x=0,2n4z..

]

Y

. radius ‘", 3n/2, 712, ...
(b) ‘Cosine function Fig. 1.22
| %‘:fe, f(x) = cos x
X h: domain of cosine function is R and the range is [-1, 1].
o st::g’ am (on x-axis and y-axis)
ﬁom o c_ulssed, cos x decreases strictly g
increases oo Increases from 0 to (<2, 1) 101 a7
increases o). 00N =1 to 1 as T AN IE T A
Rpaan SIom  to 27 ang 50 on, Als
.~ s A R A on-3ud -n /-2 & o
-------- (-, -1‘)"—_—”‘
Fig. 1.23
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circle diagram

y o
Let a circle of radius 1, i.e., a unjt circle y=1] I
Qa /” 1 -\.\\ % ‘ — o
Then, cosa = —, CosP = _9 4 k :
1 1 ) ,/ b 1 1‘51 “ H ”
J "; & % q
c ! 0/ ( ’ : i
cosy = — c058=_g y=0':‘ A ,r’y=0 X 4 o
1 1 vd ] n
\‘ 1 Y 1 C I’l ! :
€0S X generates a circle of radjug ‘1’ Y o)
\\“~-.4 ———— - | ”
y=__1 |t}
(c) Tangent function g
f(x) = tan x Fig. 1.24 -
The domain of the function Y = tan xis: y : o
> ] [} 1
R- ig,ig—;,iﬂ,... i | ] i =
2 I | ] I
; : : l {7
i.e.,R—{(2n+l)E} : R | | .-y
2 | ! ! l o)
) | 1 1 ! ]
and Rangee R or (-, o), ! -n  |_m /lon ] . : g Q
The function y = tan x increases strictly l | 4_1-. 4 | : =.
from —co to + oo as x increases from | | | | UL
| | | I ~
n. nn,_3n 3n 5x ! ' ’ g
-—to-,-to—=, 2" and ) | | | i
2 222 2 soon A v V ;
. ==3n/2 = — = =
The graph is shown as : ¥ * Mz. x=r2 X= 32
Fig. 1.25
Note Here, the curve tends to meet at x = + g,:t % + 5?“, but never meets or tends to
infinity.
X=1 .75, + ﬂ, + 5-“ are asymptotes to y = tan x.
2 2 2
(d) Cosecant function
f(x) = cosec x
7
y = cosec X y=cosecx y=cosec x

———gm———————

Rt i

|
%-

Qo
%_
a

L2n -3n/2 —n

- o - - -

|
-
————————— =T

B T T G,
- -

y =cosec x

Fig. 1.26

. y=cosec X

=S

o P S (R S O
4 ‘

i
[ T SUCAR S, S U
i i ‘

Scanned by CamScanner



= cosec X )

! Here, domain of y R=A0, 47 & 2m 4 3n, )
- R - {nr|n ez} and  rangee p (1,1
‘;: ! i, c-l 4 1! 6. ' [ : ’
; a5 shown i ll?n I;L cosec X i8 periodic with period 27,
: ction
B (e) secant fun JO) = sec x
o
Ay domaineR - {2+ 1| |,
] . €z

Mw;” ! Here, 2
:_?,‘ﬁ- ﬁ ! Rangee R - (-1, 1)
g,‘ Shown as: y
e | E |
’jlii ' li (-2m,1) o1 I: i
e L R - 1=
A | \ B
S g : |

5 | '
,_\ -.A/--:o-
|

Fig. 1.27

The function y = sec x is periodic with period 27 .

‘Note (i) The curve y = cosec x tends to meet at x = 0, +1, +21.... at infinity.
» X & O S E2% 5w
or X=nm, ne integer are asymptote to y = cosec x.
(“) The curve y = sec x tends to meet at x = + ~+ §2£ ... at infinity.

EEE: %, t %T't'» t %E peen OF X = (20 + 1)-72£,n € integer are asymptote to y =cosec’

rves

- : 1H,efe, we have used the notation of asymptotes of a curve in the context of special U
__butwe W°U|d have a detailed discussion in chapter 3. il L S

- (f) Cpt_angent function

f(x)=cot x
domaineR - {nn| n € z} Range € R.
,and has x = nm, n e z as asymptotes. AS 8

§ . Here, -

B VTR - '_1.28;
§ WhICh l3.D,_(ﬂfl()diclwith period 1t hown in Fig
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¥y y=00x
sl ' : 2K .
i 5! ] ¢ B
1 il ] ;
i i\ :1 ! -
\ \\ ! ?\\ 1 i :
N\ \ i 1 1
—De < Y ..,J - : x -~ i
P ~ING =N\ m 2z 12% : o
=\i2\] z\] 7\! g
L A4 ifz
\| 1 'S
‘ 1 15 - £
i i 1€
. & 1 § ‘5 2
T - 1
cIg. 1.8 - o
SDEE =S 2> L o=1 znd x = R where domzin R, o]
Rznge = (0 =). =h
SE= A =X =T DoEasewih the ingrease inx, ie, f(x) is increasing function on R. 3 '
3 y=2%2za>1 u
___’—/‘l_ (-11)
5 x
Fig. 1.29 ] ,
y-axis 4
For example; 3
> -
. e .. 2
=2 . ¥=3", y=4",. . have;
2T 3T 47 _forx>1 ;7/(0,1)
2z 2*>3">4%> ... for 0<x<1 o) x-axis
znd they czn be shown zs3;

f= a/
Casefi. O<g<1 ’
.. Here, f(x)=a" decrease with the increase in x, Le., f(x)is ,_,_,
. decreasing function on R 0.1)

- “In general, exponential function increases or _
- decreases as (a > 1) or (0 < a < 1) respectively”. 0 T
3. Logarithmic Function
Onverse of Exponential)
 The funetion f(x) = log, x; (x,a> 0)and a # 1is a logarithmic function.

: - Thus, the domain of logarithmic function is all real positive numbers and their range is the set R

ofal

Wchavcm that y = a* is strictly increasing when a > 1 and strictly decreasing when

- 11

Scanned by CamScanner



ple, The Deast awy
s, (e Diaetion s Ml '. \:‘ ‘ . e ok
faveise of thibs tiwtion ts denoed By 104
WA WL
v al o N \u)‘i‘.\a 3 ol “. _') S R
\\\‘“\\“ \h R. ‘““\ I\“ t:‘\\ ;- \ “ \" ™ R, () (ly”) s l'ﬂl?';
Wit v = log, v b place \fl Ve Ol
wo have the graph oty = loghy \

netion alao

\ atithimiy :
i, oty pential funedon:

RO s vene ot e funetion
i & e funed
¢ i}il\\!\%‘i“\?\ ol l“"“”“. ‘”‘ h > “)

§‘- i, oy, (ab) = fog, ¢ oy !

Vig, 1,92

b= ()
W) (O h {“l
3, log, Lb}— oy, @ Lo
4, oy, @ = log, d
a log, e=1

o . (= g d
5\ l“\\‘@h‘l {] m “ \\1b

{a>=0 and meR)
{a=0 and a+1)

{a,b=0, b

md me p)

d ! | (R, b>0 and by
B s edtes }
m.,‘\; y l“q '“ {( ’ -

& 7, log, @ = Lo 0 (1) and

: «log, ¢ log,, b m: ()

: ‘ 8. “l\\.‘ig "= m {(l, m>0 and a+ l}

;~ 0, ¢ ’\t&b = bl\'\&; (] (“’ b. c>0 ﬂn(‘ C# ”

5 X2y, if m:>» 1 {m, x, v, > 0and m#1

10, Iflog, x>log,y = ¥ J n#1j

53 " $m. x<y, if 0<m<

E* which could be graphically shown as;

%w If m > 1 (Graph of log,, a) Again If 0 < m < 1. (Graph of log,, «)
:p.’“»._;t.

* 1
W;" X ~a|l‘llt“-‘v(‘/.-mn a

O
/

10Qm X |-

loﬂmy e \
l Ly

0/1 Y 0 xy\

Fig, 1.33 Fig. 1.34

-
P58 st
r

v

d0<m<l.

B hgmx) log,, ywhenx>y and m>1 | = log, x> log,, y;whenx<yan
- '1'.1-1.‘"10%“"‘1’ = a=m’ {a, m>0;m=1;beR)}
IR ERA if0<m<1

y ifm>1
a>m°; if0<m<l
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2y SEraight e d f 5
= , e
qxX ¢ }"\" ¢ = \\ \"‘(‘(\!‘h.\\' ALy b s : 5\ oy

. CEPIOTeY guetal agnation of ; el W ~ i

. . ¥ AV OF Sty 1), We 1
O, \ {stvaight line), We (0" ?)\; | §]
. bl e

L L \ " g Ny (¢ ! L

\ 5 when v=0 . —:, l s

el < ——F-—*-—m\r—*"’*h’ i °

anda > B wa 2 ) ~, | ¢ ¢

AN X = ~ W ‘\CX\ Vv =0 \ 7 n

\ ¥ ! : |

ioInING ADOVE PO We ety Al - 5
joiming ADOVE PO We et tequited straight line, Fig, 1.35 l He B
(:ﬁ‘ e ! . ” Y
T e [ | .y

We know, L f

Lo : ‘1

@ : iJ‘d =a” iy clrele with contre (0LO) | (1) (v= @ 4 (y - h)* =p* circle  with : =1
and radius » centre (@, b) and radius r. 1 Q 7

! *

ots o )

L TN -

, )

l \\ | (a, b) Y i m ‘

L ] | {

VSR (k0 \oem 'U |

\ : \ K -

Z .
‘\s o’ —t " X | m ;
Fig. 1.36 Fig., 1.37 |

(i) x?+y?+2g+ 2 +c=0: (v) (x=x)(x=x)+(y=y)y-y)=0

centre (-g, — f); radius [e2+ fi-c . § _ ,
(-8, =) A ! ‘ End points of diameter are (x,, y,) and
’ I 1Y
-\[ (xﬁi.yl)' -
/,4"-_‘\\\ I/ \\
! \
,’ v A g —a B
} C'/,Ql (x1, YI) II (er yg)
v (-g.-f) ! \ ’
\ _—— \\ /z
‘\ O " 4 x [
B Fig. 1.39
Fig. 1.38 |
(c) Parabola
2 : ‘ . 2
(i) y* = 4ax (ii) y? = - 4ax
 Vertex : (0,0) Vertex @ (0,0)
Focus - . (a,0) Focus ¢ (-a,0)
‘Axis : x-axisory =0 Axis . x-axisory =0
€3 =-a Directrix : X=4d g ;
SR #13
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a8

Y
\

B
{ #eg

Direc‘lrix*
<

.-

‘ Vextex (0, 0)
%\‘ Focus (0, a)
L R Axis y-axis or x = 0
Q“ Directrix y ==
N y1\ x2=4ay
F1(.a)
o
o vlo.0
e S Birectrx
i Fig. 1.42
— Wy-K=4a(x-h
5 Focus (h+a k)
Axis x=h
Directrix x=h-a
~ (d) Ellipse
xt y?
05 Lot @
Centre . (0,0)
Focus - (+ae, 0)
Vertex (g, 0)
| —
. ad
¥.sis 2
X ='7'j:f E '
o

dee=

"/

W\x

It

o

(iv) x* = - 4qy

Vertex (0, 0)
Focus 0, -q)
Axis

i . ¢ Yy-axisorx =
Directrix y =

X2=—4ay
Fig. 1.43

-------------- *----.
hK F(h+a,k)

"

<

B B ettt

P B itk

x=h-a x=h

directrix
Fig. 1.44

Scanned by CamScanner



4
~
»

»(iﬂ)(":” LRy b

8
sydels JOo UORONPOIIUY

------------------------ 1 .
Gireciay T =P
Fig. 1.46 Fig 1.47
(e) Hg/perbzola | Y )
az b* : 2 ’\/\'«‘“
Centre @ (0,0) : A
Focus : (zae, 0) : )
Vertces : (*aq, 0) . \2.0) (36,9
.. b? ] ™\
Eccentricity : €= 1 Lt—s : AN
a . # P SN
H . TR
4 . 77,
o . a ] ; Pty
Directrix @ xX= T > y=-3/e | r=2/¢ 4
b Fig. 1.4%2
In above figure asymptotesare y = = - x.
z
x — hy? ( (y ~ k)
(if) - _Y_ =1 (i) ( ) > =1
T b? a’ b
y s
A ’
~ :
\'\_ :
wih
Fig. 1.50

15 L5

PRy e B b
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2 q? (Rectangular hyperbola)

Fig. 1.51

B |

(v) xy = ¢?
Here, the ;
¢, the asymptores are x.g
PXaxie andy.,,
aj,
y '
9]
8
8
£
i
o \@,C)
—T——-—_‘“"""* \\\.
e
O asympror, ™
(=, =)
Fig. 1.52

In above curve

s we have used the name asymptotes for its complete defin;t‘io\\\
N $en

rigonometric Curves

£ Inverse T
e g As we know trigonometric functions are many one in their domain, hence, th
e i ’ » they are noy
7" invertible. .
Lot But their inverse can be obtained by restricting the domain so as to make invertible.
4

Every inverse trigonometric is bee

n converted to a function by shortening the domain,

Note

For example:
We know, sin x is not inve
In order to get the inverse W€

rtible for x € R.

Iff: [_ z .g] 5 [-1, 1] defined by f(x)

by:
' y =sin! x. (
oy =cos x becomes invertible when
: y=tanx; becomes invertible ~when
y = cot x ; becomes invertible when
: '}f"%‘se{i x; becomes invertible  when
y : cosec X 5§¢Omés invertible when

Let f(x) = sin x

have to define domain as:

xe[—

EE]
2’2

= gin x is invertible and inver

T . - T
——<s1n i xS—)
2 2

se can be represented

f:[O, ﬂ]”)[—l, 1]
f:( i n)%(“w,w)

22
f:(o,'ﬂ) - (_oo’oo)
f;[o,n]-{n} 5 R-(-11

7:[-

2

& E]..{O} - R-(LY
2’2

> |
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= -1 . {‘1
 Graph ofy = S SIRTR B
where, o} y=sin et

xel[-11] 14 f(x)=sin x

MIEDE PR S0

i

and ),E[*E’E] h —t —t t X
g 22 (1, O\ (w2.0) (-1.0,/]0 (1.0) (W20)  (r.0)

As the graph of £ (x) is mirror image of N
(x) about y = X.

(i) Graph of y = cos™' x;

y=cos™'x 1 -
Here, ;- :
domain € [-1, 1] 1 %’2
/2
Range € [0, . N
s TPONG
f(x)=cos x ‘
(iil) Graph of y = tan™" x ; o (%) |
ig. 1.
Here, domaineR, Rangee(_f’ E).
2
Yy y=tanx y

X=-T/2 X="7/2
Fig. 1.55

As we have discussed earlier, “graph of inverse function is image of f(x) about y = x” or “by
interchanging the coordinate axes”.

(iv) Graph of y = cot ™ x ;
We know that the function f : (0, ®) = R, given by f(8) = cot 0 is invertible.
Thus, domain of cot™ x € R and Range € (0, &).

y=cotx y

R _\'njz )
O (20N |®O X ™ i

[o) — X

X=T

Fig. 1.56 17 i
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-1 e
(v) Graph for ¥ = sec’ X%
The function f:100 n] - 5

{ gr_} —y (oo, — 11U [1, =) given by £(0) = sec 0 js invers,
aineR - (-1,1) and rangee[0, n] - {%} : shown ag

FL....:_.___',_‘V__:,_

hWS"-_:"F'l ==

L y= sec”! x, has dom

Y

1

y

R S S, S

1.(0 ) y=sec 'x

R B

)

|

Grap

S E e

N Qi TR S

1 »x-axis
s

2
(1\7."'1)

-1+

|
Q

I
)]

—/,;a}{;

x=7t/2 X=T

=sec!
=s
y=secXx y=sec ' x

A . : 1

Fig. 1.57

01 T I S R
Pl

._:_._, (Vi) Graph fory = COSEC'1X;
|

- /! m T i : .
i |-=,=1-{0} = R -(-1,1)is invertible given by £(9) =
e Asweknow,  f [ 5 2] g y f(8) = cose.

i y = cosec”’ x ; domaineR — (-1, 1)

T T
Rangee|-—, —| - {0}
‘ 8 [2 2] 10}

<o~

y=m2

|

[
l

St
bl
|
x
j._
P et A Lk
(@]

| [ S

3k X=-m/2 X=n/2 1

x
.,
|
—_—
>

y=cosecx y=cosec'x

Fig. 1.58

_,.——-?
1 no branch of an inverse trigonometric function is mentioned, then it means the princiP® |
;,V:a'v?e_'branch of that function. on the f
v At : : Tl
.£a%€ 1o branch of an inverse trigonometric function is mentioned, it will m |

pnncupai ;Ya\_lj”?nb'_raﬂ_‘?hpf that function. (i.e.,)

i
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Domain Ritnge Principal value ht‘:‘_lblﬂfh
-1, 1 ; ' 1 ;
[-1, 1] K X - y s T where ¥ o= sinT X i
2 2 2 2
- “ I
i (=1, - 1) [0 n) 0% y <1, where y = cos "X
. R 1y :
! - B e v e where v = tan ' X
-1 i B R N 3 e
¥ 4- cosec X ( ‘\",\ e 1] U l l. 00‘ = 3}: 1[‘ _ {0} _ d]\t. q y g n ‘ v i (). ‘\,l‘cl-(\ '\.A o C()St‘L X
5 2'2 277 "2
: q A _ ,
¢! x el . e epe=l e
5. se ( o, ll (&) ll. o IQ n] - {3‘5} 0< y <oy {5}. \vhcrc ‘\' = 8eC X
)} ES AT B
- 6. | cOt T X R 0 m O<y<n; where y = cot ~ X,

TRIGONOMETRIC INEQUALITIES

To solve trigonometric inequalities including trigonometric functions, it is good to practice
periodicity and monotonicity of functions. _

Thus, first solve the inequality for the periodicity and then get the set of all solutions by adding
numbers of the form 2nn; n e 2, to each of the solutions obtained on that interval.

sydeus) 3o uo

—

EXAMPLE @ Solve the inequality; sin x> - =,

t

[

@ SOLUTION  As the function sin x has least positive period 2. {That is why it is sufficient to solve

inequality of the form sin x> a, sin x > q, sin x < a, sin x < « first on the interval of length 2,

and then get the solution set by adding numbers of the form 2nn, n ¢ g, to cach of the solutions
. , = ' 3 . : no 3n

obtained on that interval}. Thus, let us solve this inequality on the interval |- 5+ o |» where

-— -

. 1
graph of y = sin xand y = - 5 are taken two curves on x-y plane.

V .
.: r sin x| E
P TN :. T1 : E 27N
4 \ ! i} 7/ .
F A\ N ! / \
‘ \ . ! ¢ \
1, \\ A: 4 > ' II 3
\ nn ' IR . -X
’ EREL LY 1) (O 7 8n 7 \
Fa ‘\ 2: 6 2 6 1o ! .
A — Sem——— N o ..
/ \, ! — — l — SR,
¢ A 172 N AN
,, L’ 4 -1 L7 }" ) \\
' L,:q .
' '
Fig. 1.59 »
. 1 |
y = sin x and y=—= |
2 |
19
B
=
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| e

) he ._.<x< )

Thus, on generalising above solution;

U
2nn—g<x<2nn+%; nes.

at those and only those values of x each of which satisfies theg

which implies th ) .
for a certain n €z can serve as solutions to the original inequality.

AR T 3

€ two i
0 mequaliu&

i . ; . , 1 o e, i
| EXAMPLE @ Solve the inequality:cos x < — 7
’é SOLUTION As discussed in previous y
| T example, cos xis periodic with period 2. .
So, to check the solution in [0, 27)
It is clear from figure, cos X < = 3 when; W2t
_:E 0 T f
i <x< i} 2 2 23” n %" oo
3 3 . —12 2 X
On generalising above solution; Ll \/ P
1
2n arm, COS X <——=
2mt+——5x52nn+——3—, nez 2
x 3 1 Fig. 1.60
Solution of cos x < - 3
{ = xe[Znn+—2—£,2mt+f'—n];nez,
| Tl
EXAMPLE 6 Solve the inequality:tan x < 2.
@ SOLUTION We know tan x is periodic with period ; Y, ,
7. So, to check the solution on the interval (—g- , g) .
: y=2
It is clear from figure, tanx<2 when; s (tan”'2,2)
T -1 T E .:
—-—<Xx<tan 2 or —-—<x<arctan2 ; 1 : )
2 2 -n2! —n/4 /2
= General solution E . f
2nn—§<x< 2nm + tan™' 2 tan x<2
A / |
= ne(Znn——,2mt+arc tan 2) x=-m/2 x=n2
2 I
x=tan 2=arbtan
Fig. 1.61 -
CEXA MPLE° Solve the inequality: sin (ﬁ + ﬂ) <L
S R P ' 2 12) 42
'§°L“T'°N Here, sin (3 + l) el ; put 3X 5 Bis,
s 2 12} 2 2 12

&

ol

Scanned by CamScanner
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1 b o 3 y
. sint < —7=» NOW sint is periodic
oS J2 y=aint
with period 2, thus to check on 14 N ,
¥ ‘—L.‘v_ - A y"' by
LR e |2 E 2 v
2 2 2 2 0 " on oo
grom figure, 1 2 L
1 3n T
nt < —=,when — <t < E
‘ V2 4 4 {9l
. 9 )1
generalsolution
' 3r On
f+—<t<2MM+— ; n eg
s 4
3x
gubstituting t = — 4+ —
2 12
3n _ 3x T
2mt+—<—+—<2mt+2—
4 2
4
= -—n+—nn<x<1—3n+inn;nez.
9 3 9 3
Lot e —— - - e A A R R e A DA S

"EXAMPLE @ Solve the inéquality ¢ cos2x —sin 2x2 0,

i
0 SOLUTION Here, cos 2x — sin 2x can be reduced to,

o T
\/_ﬁ -—1—cos 2x——1—sin 2x = J§ cos—TE cos 2x — sin — SN 2x}
V2 J2 4 4 |
= \/Ecos(%+2x)
. n n
cos 2x —sin 2x2 0 or cos 74-+2x 20 ; put 2x+ Z =1
:. cos (t) = 0, solving graphically, y
Tt |4
Clearly; —EStS 5 2 || e
T
or 2nn—g<t<2mt+—2— /\
—t t t f—ry =
where t=2n+—} "" f=-% e %=f =l :-321‘.-:! 2n=t
T T n -1+ |
y e — < 2nm+—= 1 -
. 2nm 2s2n+4 L y=cos |
| Fig. 1.
M-%SnSnn+g—;nez. ig. 1.63

: AM PLE e IfA+B+C =T, then prove that; cos A + cos B + cos C < 2 where A, B, C

L e dlstmct.
.SOLUTlON Here, we have the three tngonomemc functions as cos A, cos B and cos C.

let f(x) =cos x; which can be plotted as;

{
i

sydein jO uoI}ONpOoIIU]

cy

i |
b T50E5

[
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Fig. 1.64
Now, let us suppose any three points X = A, x =B, x=C on f(x) = cos x. So that A+p, c
or on the interval of length . ) b y A+ B4 C -
; G, be centroid of A given DY ———~, cos(A+B
[ st otung

A+B+C cosA+cosBtcosC
S
Thus, from figure points QG,P are (A,cos A)

Play with Graphs

)

b where; ordinate of GQ < ordinate of PQ. ;. _M2;'= yi

"7 |cosA+cosB+cosC A+B+CJ

______ <cos|——/—

e | 3 3

R T “
& = cosA+cosB+cosC<3cos|— fx)= i
8 3 N=coyy |
o 3 Fig. 1.65

= cosA+cosB+cosC<§

L -

| S —— U

Note Here, a particular case arises when A= B =C (i.e., when A, B, C are non-dim
o cosA=cos B=cosC and A+B+C=r
o = A+A+A=n or A=n/3,

cosA=cosB=cosC=1

2
S
2

¥ Loaas cos A+ cos B + cos C = (only when A= B = ()

o EXAMPLE 6 Solve the inequality: sin x cos x + 1 tan x >1.
2

B ‘ SOLUTION  Here; left hand side is defined for all x, except x = n; + ~

) > where n € z.
ol g 2sinx cos x + tan x> 2
B = b 2tan x ;
| S ;- ttan x2 2 [Let, tanx =)
& : 1+ tan“ x

2

S ik 2

1+y

“. & :
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A4y yyo o, v )

a ‘_‘\‘,) 20
WAy U+yHe2eyiyng

R Y'-2 a8y 2asg

. Y -D=yr =142 (v =120

e C=-D? -y a0

R y-120

. 2 o » *) wm l 2
Y -y+2s= (.v - )) + Z >0, forally}

. tan x 2 1, shown as:
from given figure;

STX<L

N
o3

n n
or rm+zs.\‘<nn+— ;o neg

XE[RK"I-K !'l1't+Ir
== —_ s ez
4’ 2 |’

“., l | ‘\:) = '))

tnny |

Y
l
|
- =_.‘.- — 1
| bk
O /A
Xe=—t/2 Ne=n/2

Fig. 1.66

EXAM PLE @ If A+ B+ C =n, then prove that

tan?2 + an? 2 4 an2 S5 1
2 2
@SOLUTION Here, tanZ%, tan

f(x)= tan2 %’ whose period is 2.

plotting tan* -'g for x e (- m, n).

I

sydesp jo uonoONpoU|

B C g '
. -?2- and tanza are three same function. So consider

<<

In given curve let us consider any three points bl |
A, B, C such that E i '!
| A+B+C=m 3 i St LM\l E i
Now, centroid of ARST; | X=A x=B| |0 x=C *
e tan® 2 + tan? B 4 tan? 9\ k |
G + B+ : 2 2 2 X=—T an
3 3 Fig. 1.67
: /
1 also, M[ATBFC an? M)} where; GN > MN
: . ; : 2(3) ’ '
| ket tf:lnzé +tan? 8 4 @2 &
£ 2 2 ) 2 2 A+B+C zA 2B 2C
oy A > tan e = tan Py + tan 5 +tan”® —> 1.

23
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m mmm. EQUATIONS GRAP 'HICALLY

Here. we sketch both left hand and right hand side of equality and the numbers of intey
L) > - s '. ;

are requured solutions.24 Xy,

- . o A.
‘ : »f solutions of:  sin X = —.
Find the number of f; =

EXAMPLE

@ SOLUTION Here, let f(x) =sin X and g(x)= 10

,. -1< <1

‘-, also we know; _ 1< sin

| 1g2<1 =  -10<x<10
10

\ Thus. to sketch both curves when x € [-10, }1,0]

| P/ayw/th Grapn: :

*3/

! )(10,1
AR S
10
S\ jE = 0.0) w2 "\/2n 3;:@
4 =p

f(x)=sinx

' ————

t

H
gy
e
]

Fig. 1.68

’ . b :
From above figure f(x) = sin x and g(x) = 0 Intersect at 7 points. So, numbers of solutiop

b R are 7.

T I £ R TR R AT 11y

______ EXAMPLE @ Find the least positive value of x, satisfying tan x = x + 1 lies in the interval.
~— @ SOLUTION Let; f(x)=tanx and g(x)=x+1; which could be shown as:

—

P . gx) =x+1
?&« ! 1 ‘ 1 E
= : E | !
£ i | pleast +ve(x) /|
= : L : :
B ? P/l L
B : 1 /lon|ix 13n
b : : 7|2 12
: : | 5
‘ = s s :
[ 1 1 :
; | | !
; : : -
Fig. 1.69 ;
.0 0
% From the above figure tan X = x + 1 has infinitly many solutions but the least positive value
xe|l® )
(4’2 _
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EXAMP LE @ Find the numpe

"of solutions of the equation,

Sinx = x2 4 54
QSOLUNON Let; () = sin x and 8(x)=x? 4 x4 1= (\’ + 1)l P
i

which could be shown as;

which do not intersect at any point, therefore no solution.

B ion
- —— =

EXAMPLE @ Find the number of solutions of: e* =x*,
QSOLUTlON Let; f(x) = e and g(x) = x*, which could be shown as;

7

Fig. 1.71

X’/

/U(X)=x’+x+1
! (A =5inx
/ . // \\ /
N2 4 ’ S /
g g . » x
4 (o) n\\ p
.o/ \~,,
Fig. 1.70

v e e g e

sydeip jo uononponu}

From the figure, it is clear they intersect at two points, therefore two solutions.

B T T T RS A P T A W 4 e o o e ——E——————

EXA MPLE @ Find the number of solutions of; log,, x = x.

6 SOLUTION  Let; f(x) = log;, x and g(x) = x; which could be shown as;

SOy f(x) =log,ox

— X
10

fg(9=x
Fig. 1.72

R

From above figure, it is clear they intersect at one points, therefore 1 solution.
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e e nts

’/

TN I A

N vl

=

aletreli the oF / / "“:'-".;“ 4 % ~
EXA MpP LE o Sletch the graph for y = sitn " (sin 7) : (

QSOLUWON hs, y = sin ! (sinx) is periodic vith period Lz,
1 1o diaw this graph ve should dsiw the graph for one imteryal of lengst 5w s s
|| values of . } Tt
| X ~zgxgk
i ’ p:
11 s we know; sin ! (sinx)=1 ; z
(B=2); «-€n=xaZ {u SV
7 4
. v J F - £ X¢€ f
or sin ' (sin x) = . Z y
m-X, =ZSx§ =,
2 A
which s defined for the interval of length 2n, plotted as;
/
HepGated s Fhaiti €t 0t ftnsiind iy
by = ~nm'm:‘1ga - -~ " o y o
.vr'rvﬁlﬂnr":‘!'} v f 0’ ~~~~~~~ ‘u,u ~~~~~~~ y _‘_,/,71(
1‘5 / N i "o_/_.‘ r;’,’/ A
)/ /7 VR A % / Y 4 Al
. '.1 ey ; — ya— ’
TR 7 ~a "/ - -7 0 Y=t
. Y \Z ¥ 3 ’
A4 \NZ / ' 7
u-“wnu—-nnnnrn-rn V r o poow o o - -~ \{u.,_---.,-_,“__!__ > s}l
/7 y==~7 ‘

Fig. 1.73

Thus, the graph for y = sin”" (sin x), is a straight line up and a straight line down with 5465
| non
and -1 respectively lying between i

Note ; Students are adviced to learn the definition of sin™ (sin x) 2,

p 57/ an
[x +2n ; ~—5SxX5~ —
2 y
t)n 7;
M-X [ ~—SXS—=
2 2
T S . -
y=sin? Ginx)={ x ; ~=Zx5=
; | 2 2
<
» n/x/ﬂ
y - -~ -
y4 2
. ?.E_/,xg‘—sf,,.andsom
s 2 2
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EXA L PLE @ Sketch the araph Jor y s cos ! (cog X)
- 5 v = coel (n 08 " (cos x),
(rSOLUTlON A3,y = cos™! (cog x) iy periodic with pesiod 2.
-, to draw this graph we should dy- :
values of x of length 27, draw the Zraph for one interval of length 27 and repeat for entire

As we know;

R —

cos™! (C().‘)'x):Jx; Ozxsn
2N~ 022n-x< 7,

oF cos™! (Cosx)—_-JX; Osx=n
2n~x; n<x<2m

Thus, it has been defined for () - x < 2m that has length 27. So, its graph could be plotted as;

Fig. 1.74

Thus, the curve y = cos™ (cos x).

‘EXAMP LE @Sketch the graph for y = tan""(tan x).

C#SOLUTION As y = tan~!(tan x) is periodic with period .
to draw this graph we should draw the graph for one interval of length n and repeat for entire

.
s

values of x.
‘As we know;
Thus, it has been defined for T e % that has length n. So, its graph could be plotted as;

tan~’ (tan x) = {x;—-75< x<f}
2 2

f
memfmmo e m e fg e e Y =T/2

------------ 7. T o Fe--Yy

4 7 v

pd ; z + ,r/ ; -~
32 o-x -2 P w2 +% 3n/2 -+ 2n 5m/2
----1-'— ------------- A 2 VL - y=—1[/2

Fig. 1.75

is not defined for x € (2n + 1) g

R

. thecurvefory=tan‘1(tan x), where y

. TN,

sydein jo uononponul .
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EXAMPLE Q) Sketch the graph for y = cosec™ (cosec x).

i)SOLUTtON As y = cosec | (cosec x) is periodic with period 21,
L g - todraw this graph we should draw the graph for one interval of length 27 ang r
i values of x. ' " ePeat for entiy
§i As we know;
{

RlE

:
,
n -y
X ~-%x<0 or Oex<™
cosec ! (cosec x) = - 7‘2 :
T .._isn-x<0 or O<p—-yxgk
; 2
n
x: xe[—a.o)u(o, E]
o cosec ™ {cosec x) = 1
. (e 3n
n-X, X€|-,n|u|r —=
h 2 . 2

. n 3n
. h defined 7 T ’ i
Thus, it has been define for[ ) 2] {0, n} that has length 27. S0, jts graph could g,

plotted as

---------- /A it Rl A Wt S r LD ST T T,
i 5 o ,K\ > y=m2
7 \)- > P y=cosec ' (cosecx)
4 A — —
7-21: 3= ;s -2 o} n 3_“,; 2n X
Y 7 2 N 2,
ol M

Fig. 1.76

‘ EXAH PLE@ Sketch the graph for y = sec™ (sec x).
¥ ‘) SOLUTION Asy = sec™ (sec x) is periodic with period 27 .

-.to draw this graph we should draw the graph for one interval of length 21 and repeat for entire
values of x,

As we know;

X; xe[O,z[—) v (E, ]
sec”! (sec x) = 4 2 2

2n - x; Zn—xe[o,%) u(E,n]
X 05x<E or —g-<xSTt

3n 3n

o or  secl(secx) =
nej 2R - x; nSx<—2— or —é—<x52“

Thus, it has been defined for [0, 2] - {E ; 9}'} that has length 2. So, its graph could be P
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Thus, the curve for y = sec™ (sec x),

e

EXAM PLE @ Sketch the graph for y = cot™ (cot x).
bsoLuTION As, y = cot™ (cot x) is periodic with period m.

values of x.

As we know
cot™ (cot x) ={x; 0<x<m}

which is defined for length x, i.e., x € (0, ) and x ¢{nn, n € z}.

So, its graph could be plotted as;

Fig. 1.78

y= cot™!(cot x).

£ ¥ Sketch the graph for:
(1) sin (sin™! x)

E 1 (iv) cosec (cosec™ 1x)

'f;’)SOLUTloN As we know, all the abo

| Mstricted domain and range.
{ AS° We shall ﬁrst deﬁne each curve for its

We know domam, xe[-1,1] (e, -1= x<1)
~and x = yel-11]

(iii) tan (tan™'x)

(i) cos (cos™x)
(i) cot (cot™'x)

(v) sec (sec™'x)
ve mentioned six curves are non-periodic, but have

domain and range and then sketch these curves.

range y =

Scanned by CamScanner
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. todraw this graph we should draw the graph for one interval of length n and repeat for entire
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SERSELES

¥
4

‘

should sketch y = sin (sin”' x) only when xe[-1, 1] and y = x, So, its g
Fa h

Hence, we
could be plotted as shown in figure.
Yy
T oA #51
,5\0\5\\
Mz
T /'O 1 X
3 -y =1
x=v -1 x‘= 1
Fig. 1.79
Thus, the graph for y = sin (sin™ x).
(i) Sketch for the curve y = cos (cos™' x).
We know, domain, x € [-1, 1] (e, 1< x<)
. rangey =x = y&[-11]

Hence, we should sketch y = cos (cos™! x) = x only when x € [-1, 1]. So, its graph could b
plotted as shown in Fig. 1.80.

- Thus, the graph for y = cos(cos™ x).
(iii) Sketch for the curve y = tan (tza‘ln~1 x)
 Weknow,

’. | domam xeR(ie,—o< x< ) and

3 Range coma, Y. =X = y€eR.
‘_ Hence we should sketch

| | 'y—tan(tan'lx) x VY xeR.
: So, its graph could be plotted as shown :
- Thus, the graph fory =tan (tan~? x), .

Fig. 1.81
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4
?

sketch for y = cosec (cosec™! x) : -
: :
! We know;
domainé R - (-1, 1)

; (Le, —=<XS-lorl<xcw)

-
A

§ |
-
| 0
H n. :
| £
§ 0
s =
N
g
Q)

- e -

—

and TANEEY =X =Y R - (-1, 1)

Hence, We should sketch

y = cosec (cosec™x) = x only when

So, its graph could be plotted as

Thus, the graph for
y = cosec (cosec™'x),

(v) Sketch for y = sec (sec™x)

|

|
\

. FCP, At

3
>

|

>

]

—

R
)
i

\
bl ekl |

{ |

We know, domaine R — (-1, 1) ; - v
(ie,—~<x<-1or 1< X < e0) E *’7'
andrange y =x = Ye€R-(-1L 1. 5 “ﬁ;’
Hence, we should sketch ; ﬁ_; __:{, ) .
y = sec (sec”'x) = x, } T
only when x € (— e, - 1] U () i i (-1,-1) E _j—::ﬁ E‘
So, its graph could be plotted as shown ]: ; AR ;*
in Fig. 1.83. \(/,96 X-=*—1 X-i 1 . __
Thus, the graph for i “1
y = sec (sec”'x) =X il
-1 2
(vi) Sketch for y= cot (cot™x) .
We know; Domain € R (i.e.,—=< X< =) @
and Rangey=x = Y=R Z
: Hence, we should sketch
 y=cotcot? x)=xV xR
A 5 Shown as in Fig. 1.84. 1 z
. Thus, the graph for y = cot (cot™ X) _ ) ;
I_OU,S B 16?”; thear:;g and trace the curve. o I
nction is periodic t'henf;frnth;r domain and find range to trace the curve. e
y-periodic, then deflne Ust revise previous curves of inverse trlfonometry as; ) A
ore going ahead YU M5 7 iy = cosech, y = secx
y=cos X vyz_ A s 2 Pl
éir domain and range. ____——— \ 314
: TS U O

5 v e
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EXAMPLE Skm‘h t
? 1 2x

(D sin —
1+ X8

3.\‘~x3)

@) tan"t |y
1-3x

" (PSOLUTION  As we know, all the
| Restricted domain and Range.
| So, we shall first define each curve

he graph for:

il 3 2

(1" “2) (iii) tan”! (

2x

(i) cos™
1- x2

+ X

|

(v) sin™ (Bx - 4x*) (i) cos™! (4x? - 3x)

above mentioned six curves are non-periodic, but hyy
€

for its domain and range and then sketch these curves

& | () Sketchtory=sin™ )
~§ 2x
; %\ : Here, for domain To 2 <1
A o
= 2|x|<1+x {1+ x%> 0for all x}
frsie = Ix|? - 2|x|+120 ¢ x? =[x
: = (|x]?-1D*=20
= x € R.
. -1 2x
For range: y = sin ( 2)
1+x ;
= ye[—lt-,—] as; y =sin™ 0 =>ye——,zt. i
2’2 22 |
{
Defining the curve: Let, x=ta1_19
n-20 ; 20>% |
2 1
= y=sin'1(sin26)=wze ; —%szes-’;- {See Ex.1} |
—n-20 ; 20<-= |
| 2 ';
n-2tantx tan'lx>1t4-
e y ={2tan' x H ——ZStan"xs%{': tane=x=>9=tan'11}
-m—-2tan'x ; tan‘lx<—IE1
r-2tantx ; x>1
= ¥y =q2tan” x ; —1<x<1 =
—t—-2tan'x ; x<-1 ;
e R e T 0
Thus, y = sin™ .2.x 'is,deﬁnedforxeR,whereye[—E,E],SothegfaphforEq
: | ' 1+x? ' 2 2
could be shown as in Fig. 1.8 ’ :
a5 in Fig. 185. B
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Thus, the graph for y = sip! ( 2x }

1+ x?

NON As in later section (i.e., chapter 2) we shall discuss that functions having sharp edges and
gaps are not differentiable at that point.

So, in previous curve y =sin™ ( 2x

-

,) , we know it has sharp edge at x=-1 and x=1

So, not differentiable.

' =2
(i) Sketch for y = cos“(: xz)
+ X

| 2|
1-
Here, for domain ]! ’\7;51
. 1+ x°
et 1-x?<1+x? {+ 1+x*>0, VxeR}

which is true forallx; as 1+ x°>1-x"

Sobs xeR

R

o 1-x*
2 SE = cos™} = ye (0, )
- Por : / = COS ~ ’
it For range: Y (1 . _J

- Deﬁne the curve : let, x=tanb

b 1-tan e) = cos”! (cos28)
1+tan’8

{See Example 2}

= >
| 2tan e tan” x2 0 {+ tanB=x =0 =tan" x} Pt
Y= owmntx tan” x<0 8

33
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So, the graph of

2ttty w20
ix shown as:

~otantyy o w0,
y
B S e Lt e e Aokl » V=K
fan NN
> X

Thus, the graph for y = cos“(

From above figure it is clear y

(iii) Sketchfor y = tan™! (1 x 2)
-X

for domain

Here,
1-x

LE,

For range

.z] [
1+ x2 1— 2tan”'x, x<0

2tantx, 20

.
-

9

1+x°

_ 1-x7). .
= €08 '[ ]15 not differentiable at x = 0.

2x
5 € R except;

1-x*=0

b & D=l | or xeR-{1,-1}

y= tan~! 2x
1-x?

{as y=tan"' @ ::»ye(—E E)]

2" 2
X =tanb
T+ 26; 26<—£
2
s
20, -Zc<29<™ {See Example 3}
2 2
-+ 26; 26>E
| 2

{as tanB=x = 6=tan‘11}

Scanned by CamScanner



A 2tan !

X e ]
= {4 2an ! 'y |~ x=|
SR 2ty ks

So, the graph of;

a mk 2tan !y &
y=tant 2 .. } X&=l
v =4q4lan

1-x

XY “lex<1 i shown g

=1 2tan ! X

={2tan' x; -1<x<1

n+2tantx, x<-1
Thus, the graph for y = tan“( 2 ]
1-x

-n+2tanlx, x>1

which is neither continuous nor differentiable at x = {-1, 1}.

— 3
(v) Sketch for the curve y = tan™ (?——;—2]
- 3x

[ 3x - x®
Here, for domain y =tan™ ————-)

{as y=tan'9 =y e(—%,

N———
—_—

} 4 1 | SRR S W S e WS S S

i,

%

§

123

{ i

Jord
AL W B

ot

g pray

£ : 2

: o

i

5..-5(

. b

¥ “

i i

] o 1

13oNp

95"}__‘_5 “0

S S0A 200k B A 2 “.““sqd el

o

2 ¢ = ;
T
| F
gk - |
SR
.
i ~T !
]

Bl - |
ko
58 |
|
s
F: 227 D
ATk
S U
o 03
Fete]
‘1_1.
i i t
S e
R W5 R
b2 eland
frmm g b
B E e
B

I R

{
i

SR RN Ml Sy SR
' ey
f
o
|
{
i

DS g LSS

e

o

s 1t I

i
--.._LL.-.«

Scanned by CamScanner

s A
i o s



w4 a0 B0« - L ot Atan ’y; tan Ly M
4 f
n It A o n P
' A e e B2 = = LN X = g
=3 y = tan” (tan 30) = 1 30; 9 9 ([, :
~1t+ 30, 30> . atr tan g tan g
2 (,
N , ]
o dtanT X, X< A‘/'.,-
| 9
J' | 1 s |
=43tan" X} === < X< =
5 N7 NG
i —1t 4 3tan " X X > ;/4
n+Stanl s x< - ..:]___
' Vs
3x-x")_ a ] 1
} .y =tan” ={3tan"" X, =~ -—= < X< 5=
: So, the graph of; y =tan {1 . BxZJ 3 ] N 7
] |

L L . S ——

x=-1N\3 x=1N3
Fig. 1.88

-

- 1
T+ 3tan 1y xg=i—=

3x - x°

Thus, the curve for y = tan™!
| : 1- 3x?

- 1
]=43tan ly, ———<x<—=

V3

-1 + 3tan™! X; x>

iy which is neither continuous nor differentiable for x = {:t :/!-_-}
)Sketch the },'GUrve y= sln" (3x o 4x3)
Deﬂningth ecurve; Let x = sing,
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™36, | x
30 ; n - 3sin”' x; T(t < sin” xS 5
o ] . 5] l it
= sin” (sin30) = { 3¢; . g
= Y ~ E $30<® - agin! v T egintxs ™ -=ll
2 6 6 -
| 2 —i - -~ 3sin " X; —-é'.: 6 o . 
m - 3sin”! x; -sxs1 i
! . -0
= sin~ 2 AsB . v
Y (Bx - 4x )=W3Sln"1x; ...l_ng-l— % =I
2 2 % o
-1 - 3sin”! x; —1$xS——1- | :
| 2 o |
—_ oim-l &
For domain y =sin™ (3x - 4x3) 2 xel-11] A
2 2 -y
3 i
n - 3sin™ x; —<x<1 -
2 ! :
So, the graph of; y = sin™(3x - 4x) = {3sin" x; - % <x< % @
. 1 1
-t-3sin" x; —-1<x<s—-— 5
2
is shown as:
y {
: : ‘ : :
--------- i ----——:.----------—-----! cmmmmgmmmmmmmee Y = T2
\o | AN
AR H I R
=\‘a a Vi
S\ G o 1 11 X
: EEAEY 2| I
......... |
| o
x=—1 x=—1/2 x=1/2 x=1
Fig. 1.89
1 o 3
Thus, the curve for y= Sml (3x = 4x7)
Whlch is not dlfferennable at x= {i -2'}
(Vl) Sketch the curve y = €0S~ T(ax” - 3’% : T
»'~‘_‘Here ‘domain €[~ 1, 1] rangec[0T e o
Now, deﬁning the curve T

i
P
)
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3 n
21~ 3c08” X; PEACRPPT
on-30, mS30S2m o
-] g - |
- y:cos"l(c0530)= 39; 0<30<m =43cos " X; OSCOS) 2' ‘
on+30 -ns$36<0 1 n 3
—2n43c08 X, ~—2% o,
3 15
¢ 1 1
_ 1y -—S$XS—
21 - 3cos  X; 2 2
g 1
={3cos™ X; —<x<1
} 2
1
21 +3cost x; —ISxS—E

{+ If 0<6< LN cosg < cos®< cosO or %S cos < 1. Here, the interval Change

since, cos x is decreasing in [0, 7]}

i 1 1
21 - 3cos” x; il R
2 2
- 1
So, the graph of; y = cos™ (4x” - 3x) = {3cos U x: : <x<1
-1 1
-27 + 3cos™ X; -1<x<--,
| 2
is shown as;
y
: : Y172, m) |
cmmedecccaaa .4| ........ .l.-z----t-__ =7
L -~ < boe N b y= 2
AN, L | A
8 il Py
12 "2 1 21
¥ ¥ ¥ i
x=-1 x=-1/2 x=1/2 x=1
Fig. 1.90
Thus, the curve for y = cos™! (4x® - 3x),
s which is not differentiable at x= {i l}
. 2 -
PL )@ Sketch the graph for:
(l) sin x. cosec x (ii) cos x-sec x (iii) tan x-cot X

SOLUTIQN As we know for the above curves each is equal to 1, but for different domain 25
:,(1) .}' “Slnx cosecx=1V xeR -{nm; nez}
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(i) y = cos X sec x = 1; ‘ n
XeR - {(Zn + 1.)-2-; ne z}

(m) y = anx-cotx = ]; n -
xXeR - nn,nn~4--é-;nc-z. :
Y | ‘”
Thus, they could be plotted as: | X
, )
5 o
NI NN T N '
H )____- H )____cf ——y ' ' ' ' o
! [ 1 ) : : :
e Ao tas e 2
| o R S o
S PRI T : ‘ | e =
; ; ; G _mb ool & 3
y=sin x.cosec x *
y=CO08 X.86C X :
y @
b v o
bbbl b D
OO O ey e
R N o
I S A o T 2
P2 {2 28 12

y=tan x.cot x
Fig. 1.91

e e < Wk s

| Noto From above example it becomes clear that y =sinx.cosec x =1, y=COSX:S€CX = 1]
- y=tanx-cotx=1but they are not equal, as their domains are different.

- functions.

Equal functions : Those functions which have same domain and range are equal

)

y:

Sketch the graph for:

v 0 e .o 1 + 2
0 | sin xl (i) L@iﬂ (iii) sin™ : N
sin x cos X 2x

. 1N 1y qex? - Bx 1
(iv) 1og,/4 (X—Z) +§log,,, (16x* - 8x +1)

(v) 1+ 3 (log|sin x| + log
above curves We

| cosec x|) (v 1+ 3 (log sin x + log cosec x)

must check periodicity domain and range;

OLU"ON As we know, to plot |

- sinx
1, sinx>0
Y= -1 sinx<0
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fod

3 i

T ———
3

\

B3 SN 5

i

{
i

g "4

!

o,
i

T

1: mnex<@n+1)m
-)':{_1; (2n+1)n<x<(2n+2)n; nez

nez

1+x%<2|x|
x*-2|x|+1<0
IxP-2]x[+150

(Ix|]-1D%*<o0
(Ix]-1)*=0

{as; (|x|-1)% < 0is notpos

y
So, from above, ),__.< 1}———(? »\(
domaine R - {nm; n€ s} : , . i S
1 onm< x<(2n+ 1) SRR E R e
Rangee{_l; @+l m<x<(2n+2)n — o T
it could be plotted as shown in y=tsinxl
Fig. 1.92. snx
Fig. 1.92
o _|cosx]|
(ii) Sketchtor y = cOSX
1; onm - < x<2nm+ =
H { 1, cosx>0 e 2 2
ere, Y =9 . B
-1; cosx<O0 -1; 2n1t+—1£< x < 2n‘ir+E
2 2
So, it could be plotted as: y
A
—d o ]
: § i : i i
tn2  Fn2  4n2 |0 w2 3u2  5m2 X
TR S S (S A
_lcos xl
~ cos X
Fig. 1.93
‘ 2
(ili) Sketch for y = sin~'| 1+X
: 2
R a1+ x2) .
.H'?Te Y =sin 1( | 8 defined;
 when; 1+

<1 {as; sin! xis defined when |x|$1

{as; 1+ x*>0
{as;

sible}
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X = % 1
Domaip ¢ {1

For range Y= q‘n_‘ 1+ x4

Y =sin! Q)

2y "). where x = 4 1, -1

and y = gin (-1 [
= r o
Y=%= s
2 y
Range { n :
— , p) {
& JAC ) |
Hence, the graph for - sin?t{ 1+ x%) | , ,
: i 5| is only ' o 1
E i 2x
two points. Shown as: o 1
i B ?
.t 1,2 |
| Thus, the Sk&t(‘_h for y = sin‘l 1 + x'l : ( ) V(14 2 ['[
o 1s only two Graph for sin ( 2—;—)
points A and B. ' Fig. 1.94

i tchfory = LA
(iv) Ske y logw(x z)+5Iog4(16x"’ - 8x +1)
] 1) .1
Here, ¥ =logy,4|x-= +—log, (4x-1)?
4) 2
o 1) 1 1 1)*
= ¥ —logl/4(x—z)+alog4 16+Elog4(x—z)
N 1)1 2 2 1
or ¥ S= 1084(l“z)+510344 +51°g4(-\"z)

1 1) 2
= y=—log4(x—‘—J+log4(x—z)+§log44

m
as; logf,,a'" =— log, a
’ n

= y =1, whenever; (x - —14) > 0{as; log, x exists only when a, x> Oand a # 1}

| 1,1 4x - )%
.Y = 1081/4(" - 'Z,) K 210g4(

»"(V)-;;Sketch for y =1+ 3 (log|sin x| + log|cosec x|)
et y =1+ 3[log(|sinx|-|cosec x]

Thus, y =1logy4 (x - %}) + —%log4(4x -1)? i
=5 Domain e (1 oo) ------- [ -
, 4 E
e Range € {1} o “;:% -
-Thus the graph is shown as: .
rodiy fTh_us, the graph for Fig. 1.95
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|in x| # 0 and — |eosee x| # 0

whenever |
i, y = L+ 3 log1); whenever  x ¢ nn; 4, .
= y = {as; log 1 “ ()
A - pomain € R = {n; n e z)
Range € (1)
o it could be plotted ag:
y
] R DR A O T
-—-‘-()‘_“l)""‘“")‘"'—.()-——’ 4 7 124 'n)——'
| T T R
| [ | | | Y
' i-Ax =3 =2 E—-n O n 2n) Bnl Anl
: ! ! A
? | | I | [} ]
45 Fig. 1.96
4 Thus, the curve for y =1+ 3 (log|sin x| + log| cosec x|). '
" (vl) Sketch for y= 1+ 3 (log sinx + log cosec x)
é Here y =1+ 3 (log sinx: cosec x) whenever sinx > 0 and cosec x> 0
5 g = y =1+3logl; x & (2nm, (2n + 1) 1) |
:w -: or y=1 whenever x e (2nn, (2n + 1)n) %
y =1+ 3 (log sinx + log cosec x) ={1; 2nn < x < (2n + 1) is shown as; _,‘
y
byl f Lo g L
ll—41: Fan i-2n \-n [0 m 2m 3m
Fig. 1.97
7 S Thus, the curve for y =1+ 3 (log sin x + log cosec x) B
§ i i"’gjx ""fP‘**g DS, L — . :
Bofatadiie 5 Sketch the curve for cos y = cos x. f

PLUT'O_N Here, "cosy =cosx = y=2nmtx, nez
s 'cosy = COsXx, represents two straight lines;

X+2nm;, nez
-X+2nm;, nez
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»
[ A
14 ik A

pwe nflnite setof pevpendiculay

Saight lines which could be shown as:

w YEX A e

e

{
{
]
i ‘
{ Ya X+ 21 ne=-1 o4
{ / ) |
] ¢ :
! 4n yu X n=0 ;
| ’ -
| / yaX=21,n=1 i
‘ 2n y=x-dnin=2 -
| i)
3 g
f y il
1 O X ‘[
4=
.g- 1
"o , 1
- =Xt dien=2 .
bt
=X+ 20 N=1 §. 71 i
y=-X+4 =10
. y=-X=-2nn=-1 ﬁ} ;

y==X—-4n,n=-2

sydeip jo uogonponul -

Fig. 1.98

Thus, graph for cos ¥ = cos x; represents two infinite set of perpendicular straight lines which have
infinite number of points of intersections; (So, if asked number of solutions then they are infinite).

s

EXAMPLE € Sketch the curve for sin y = sin x.

‘SOLUTION Here siny =sinxy = y=nn+(=1"x; nez

& siny = sinx; represent two straight lines;
nw + X; neveninteger

Y=
nr - x; n odd integer

i

A U L A <P S RGN

y y=x+4n;n=4
\-' Sn y=x+2n,n=2 |
4r y=x;n=0
N3n y=x=-2n;n=-2 |
2n Y=Xx—-4n:n=—4 e
NTT ‘

|

2l v

—Slx —4n —3pX2r -1

Fig. 1.99

! %
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b 4
¢ Le., two infinite set of perpendicular straight lines as shown in Fig, 1,99:
; Thus  the graph for sin y = sin x.

e B
B S T T L e

EX AMPLE ® Find the number of solutions for;  sin™ - 99x

| 2 500
; 99x

| Q SOLUTION Let f(x)= sm% and g(x)= o0

8| % to find number of solutions; we shall plot both the curves as;

B | y

|

L

il ST SRS | I

ol /'\ /\

;\:. 3 -6 4 -2 0 1

.i.f...

ol e ] I

.% Fig. 1.100

_’%L Clearly, from the above ﬁgure the number of solutlons are 7

& E XA MPLE @ Find the number of solutions for; Cos X = x

- ‘SOLUTION As, cosx=x
® ~.to plot the curve for y=x
Y =cosx; y = xand find the
. point of intersection as to

. . y=CosX
obtain number of solutions. ’\ / A /\
2] Here, the two curves intersect , ; \

t # + X
_ i atapointA. =2n B2\ -t Sz SO we\ xS o
c So, cosx = x has only one 4l
& solution.

At
!
2
N

SR e Ao

Fig. 1.101

o T o

\EXAMPLE €B) Find the number of solutions for; [x] = {x}. where [o], (¢} reprsets
{ greatest integer and fractional part of x.

- C SOLUTION As, [x] = {x} 1 )
‘ wplot y=[xl, y={x}

Loog1 L
;and ﬁnd pomt of i intersection. - o P A

A

" } " — 3
T:Here the only pomt of i mtersecnonls x=0 2 -1 o 1

b

only one solutions

Flg 1 102 R o s

B s el
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E_x i MsP LE @ Find the number of solutions of

_ 4{x} = x +[x]
where {1 [-1 represents fractional part qngq greatest integer function.
GOLUTION As we know, to fing

.n amber of solutior}s of two curves we ’
chould find the point of intersection of
wo curves. 27
.a{x=x+x
o Hx-DD=x+[x] 1

o x=0x]+ {x}}

Scanned by CamScé
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=
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H
Bk L
\

}
i

\

t

{
{
T
i
H
}
!

3onposu

| m
1 1

+
| <

nner

-

9 NERES S

1

i

B
o 4x-x=4[x]+[x] % x o ‘
- 3x =5[x] T :
3
= [x] =X () Q1
i
.. To plot the graph of both E=t- m ;
y=[x] and y-= gx. Fig. 1.103 - N
i
Clearly, the two graphs intersects when L -
[xX]=0 and [x]=1 ... (ii) L
¥ =] [from Egs. (i) and (i)] @~
3 __;""‘ s
x=§-0 and x=§(1) |
Lx=0 and x= g are the only two solutions.
EXAMPLE @ Find the value of x graphically satisfying; [x] — 1 + x* > 0; where
[-]1 denotes the greatest integer function.
@SOLUTION  As, [x]-1+x%20 = x? =12 -[x] il
Thus, to find the points for which  f(x) = x* -1 is greater than or equals to !
g(x) = - [x]. . ,
where two functions f(x) and g(x) could be v 15
plotted as shown in Fig. 1.104; _ N I
v From the adjoining figure; the solution set lies 3 ls %
E. when &
>B x‘—( 12 ;
x< A or X 2 D. i 41 ?(
| Thus, to find A and B. . ! e
5 | Itis clear that f(x) and g(x) intersects when; -4 -3 -2 - % B 2 3 34 i
-[x] =2, x2-1<Z 1] C
S xo1=2 2
ol x=y3, = x=-+3 Fig. 1.104
"-.b(nvegleétiﬁg x=++/3 asAliesforx<0) |
el =

G541



.
kS
e

e

¥ T Sl

i

3 and forB:

Thus, forA: x=-

. 2
- Solution set for which  x

x=1L

_12-[x] holds.
ce (e o - V31Ul ).

BT - e

Y g iy,
"

=

i

£

phs

[}

n previous

Note The method discussed i

hould practi

example is very important as it re
ce these forms.

duces@

calculations, SO students s

W

3
a

- 1
e
}

Fe——

{

B P

e |

]

ol s

Y
AP
|

¢

oot

exAmMPLE

_1<[x]-x* +452
which f(xz)
1to h(x) =X

SOLUTION As, -1:
Thus, to find the points for
g(x) =Tx]is less than or equa

Find the values of X graphically which s

1 [ jon.
€ I[-1 denotes the greatest integer functi

atisfy; — 1< [x] - x* + 42 2; where

= xz—Ss[x]sz—Z
_ x2 -5 is less than or equal to g(x)=[x] anq
_ 2, where the three functions f(x), g(x) and h(x)

% e
ay w
1=

could be plotted as; noie

i
P S
1
i

y- b

A

a,
Y
i

S

Fig. 1.105

Thus, from the above graph;

x2-5<[x]<x?-2 when xe[A, BluIC, D]
where A and D is the point of intersection if;
x*-5=%2

~and C is point of intersection of

=

x==+3,47

x2-2=1 = x=4/3.
A=-+3, B=-1 C=+3 and D=47.
-1<[x]- x* +4<2 is satisfied;

xe[-+3,-11UV3,V71.

A @If 0<a<3 0<b<3 and the equation; x2 + 4+ 3cos (ax + b) = 2x hds
ﬂﬂeaSt - one solution then find the value of (a + b).
ti‘:LUTION ‘Here,  x? + 4+ 3cos(ax+b)=2x or

cEr e AU s g (x-1)* + 3=-3cos(ax + b)

—
R SRS ATV A A

x% - 2x + 4= - 3cos(ax +b)

Scéhhed by CamScanner




for above equation to have Atlvm,

One F———
solution;  plot  f(x) = (x - 1)? 4 4 A (= (x- 1 4%

3 and {'
g(x)=- 3cos(ax + b) in such a way thay \ ‘
mey touch each other, )

)™ . (1,
from figure the two curves coylq atmogt ’ /
touch at one  point  oply

-;1/1’-:-,1'“ 4 ,/"

glry=—terslarss b

when
_3cos(a+b)=3
2 cos (a+b) = -
-3
= Q+b=7'l’., 31t, 51[’”'
Fig. 1,106
But n>6

=» a+b=n as 0<qb<3y

E.,XVA‘M PLE @ fA+B+C=n and A B, C are angles of A; then show

. ; , 2. (72
$in A + sin B + sin ¢ <« 2Y2,
¥
@SOLUTION Here; we  have three y
trigonometric ratios sin A, sin B, sinC. § 8
Let y = sinx, on which there are three !

‘sydein jo uo

]
points x=A, x=Band x = C shown as; O/~
As from the figure; In APQR,

SR S ¥ v

A(C,sinC
Centroid of A formed by P(A, sinA) (A’SiQﬂ_'Pl | J ; USRIy
Q(8, sin B) R(C, sinC) is; st B.“| =iy —
LY

G_(A+B+C sinA+sinB+sinC‘)
3 3

where; G, H and I are collinear
Fig. 1,107

I(A+B+C OJ_ G(A+B+C sinA+sinB+sinC)
T3 ) 3

| o) @intrepidGeeks

=% ordinate of H > ordinate of G

it SrihE DA BUE: | Rasts Awi. S

A+B+C\_ sinA+sinB +sinC ;
E 3
L
—?> sin A + sinB + sinC. E
Y
053
why ﬂl
o

Scanned by CamScanner



w_l H

then show Al(cosec A) <

ExampLe @ 1oty
- gin x is shown as; ;
1

&BOLUTION Here, graph for );‘ n
and @ A 'ém6

«EXAMPLE@ ,]»OcA,B,C<-72£,thenshowthat:AcosecA-!-BCOSECB C cosec C< 2
2

-!
Ei | where P(A, sin A)
é"‘* 3 in [1gim_
| From adjoin sllup‘ P > slope of 00
R
sin—— 0
sinA-0_ 6
1 m———
7 B A-0 LA
R 6
b sinA_ 3 A _T .
o 2’%” > O iinA 3 Fig. 1.102
E
or A(cosec A)< 3
: , N T —
" K}

j éﬁOLUTION Here, graph for y = sin x is shown as;

1 /
. T . T

where P(B, sinB); Q(C, sinC); R(A, sinA); S(E' sin E) f

From figure;
slope of OP > slope of OS:

; sin T_o
g sinB ~ 0 2
SR B - >
B-0 n
2
sinB_ 2 B
=3 e 3 e or K< —
B n sinB 2
or B cosec B < = (
2
Simflarly, s[ope of 0Q) < slope of OS and slope of OR < slope of OS
% (i
| o C cosecC <n/2 ((
(i

A cosec A<m/2

Adding Eqs. (l), (if) and ( iii), we get

A cosec A +BcosecB+C cosec C < -3—27—5

“ust prac:lice above method in. dlfferent questions ©f trig
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T —

’ (;onstruct the graph for;
' X=1 x<0 a.

0 f={g  x=0
X% x>0 5.
2X+3; —8<x<-2

(i) fx)=9X+1 -2<x<0
X+2; 0<x<1 7

5. Construct the graph of the function:
(i) f(x) =[x =1]+]x+1]

3%, —-1sx<1 &

. fx - -

M 0=14_x; 1<x<a
(i) fx)=[x]+[x=1]; -1<x<3 9.
(where [ -] denotes greatest integer function)

W 10 x* x? <1

v =
(l ) X, X2 21 10

3. Is f(x)=x%+x + 1 invertible? If not in which

region it is invertible.

If fis defined by y =f(x); wherex = 21— [

y=t*+1|t|, teR. Then construct the graph

for f(x).

Construct the graph for f(x)=[[x] - x]; where ... ;

[-] denotes greatest integer function.
-1

If 0<o <1;then show; p

Find the number of
cos™'(cosx)=[x] where [-] denotes
greatest integer function.
Find the number of solutions for;
[[X] - x] = sinx; where [ -] denotes the greatest

integer function.
Find the values of x graphically which satisfy

X2

x-1
Find the value of x for which x° — [x]
[ -] denotes the greatest integer function.

<1

= 3, where

7. 5 solutions. 8. infinite 9. x

1"/5. —1+‘/§] 10. x =2%°,

1

solutions  for; |
the | !

‘sydean jo uononponuy

49 |
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) X
e 3
Sy

T filybhs Abowt Tengent Lines - T

£ |

b

]

i

{
{ 1

!

.

th Gra

> X
O| L meets Conlyat Pbutis not
tangentto C.

B 85 _ Fig. 1

i
3
]
|
{
|
!
?
:
|
|

ay Wi

e o = Remark 2

e ‘__ & I3
> X

* 0 Listangent to Cat Pbut meets Cat
[ several points

Fig. 2

'3

!

i

i
o<

- > X
O Lis tangent to Cat Pbut lies on two
sides of C, crossing Cat P,

Fig. 3

/:
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TRANSFORMATI :
TRANSFORMATIONS | 3
- o D
: " o
- a7 £
q
-0
W\Ne shall St:.c:fy: . - 0 :
» The bending of curves at different points. =
» Transformations of curves. o
.
D
«he study of bendiilg of curves at different points is known as curvature.” or “Rate at a 1]
Jhich the curve curves:. oy
Consider a curve and a point Pon it and let Q be a point O
swar P. Let A be a point on the curve. iy |
arc AP =, arc AQ =5+ s 5 _
arc PQ = 0s 7:2 ‘
Letyand y + 8y be angles which the tangents at P and 5‘ 1
Qmakes with x-axis. Im |
. dyis called the total curvature of the arc PQ. . 1'“?‘
by - =
gwls called the average curvature of the arc PQ. S : ;o
1g8. £. - o el
im O _ 4V iam
08 ds curvature of the curve at P. !
ote To study curvature we shall define —— or —=. il
ds @ 1
_mSONCAVITY, CONVEXITY AND POINTS OF INFLEXION ;
\ ONcaye Upwards ! : 44 ]
in : ) . s oaid to be concave i .
“Dw:ards[he Neighbourhood of a point P on a curve is above the tangent at P, 115 sal ]i_ 1
ithep. Ll
~ H 2 i
dx lnc,rEaSes asxi d°y T_’] .
] ne .0 ,L o
reases. = o s —L—
o gk

Scanned by CamScanner |



et e e ek {

Poywith Graphs

ke Bol i

] S AR s @ el

‘K Tangent

Geametrically
Y
4
Tangent \\
N
s \
/S P
¥ \

,———‘,_.__————"_"'—__"X

0

Fig. 2.2

i (b) Convex upwards or Concave down wards,
at P, it is said to be convex upward or concave downy,;

: If the curve is below the tangent
pMathematically
2
iy d’y
dY jecreases as x decreases. = —7< 0
dx dx
Geometrically v y
A
A Tangent r Tangent
P
P, Al \
—] —> X
) X )

Fig. 2.3

(c) Point of Inflexion
a point P, a curve changes its concavity from upwards to downwards or vice versa. Then?

If at
called point of inflexion.
' Geometrically
X /
P / P
o) Bk 0 S
Fig. 2.4
Mathematically

. d*
() ;!—% = 0 at the point.
d*y - 2 4’y 40
(if) e changes its sign as x increases through the value at which &Y _q ie 73 ?
dx2 dx

P
Scanned by CamScanner



~Zan represent concavity as;. B s
e A

A -
3 y -
A
g
)
P
g
. =
, 0 ®
) 2 < 0 for both curves. Here: 5 ¢ b
Her Hx v gy U for both curves, o
Fig. 2.5 e
mO‘mNG OF ALGEBRAIC CURVES USING CONCAVITY g
| )
. ;j:,»:f(x)z(x-a)(x—ﬂ). O<a<p. 7 a
.y kaowi it has 10055 & and B and would be yei=eaep 10
~:zsownin FIg. 2.6. o
*__ shove discussion it becomes clear that to 3 |
xS We TEQUITE; oy T
o 3ot of intersection on x-axis. (i.e.,y =0) 0 am\ _ e
' . o n S
3 Zoinr of maximum and minimum value. < A o leL
% merval for which function increases or Concave up 4 Concaveup -

: when x < X, x=Xxo Whenx>Xx doa | |
decreases. ( R
 Zoint at which concave up, concave down Fig. 2.6 S

and point of inflexion.
f.ffl;P_LE_ 0 Sketch y = (x - 1)(x - 2). *
Yaumon Here; y=(x-1)(x-2) _ .
i o y=0 = x=12. (for point of intersection on Xx-axis.) !
y=x*-3x+2 S Al
= d2 s
- Tinimum atx = -3. as é_{— > O] ‘, ot
i 2 dx bt
¥ by 3 =1
| s when x> 3 and decreases when dedeforit
3 it ot
IS, il
547 :j‘§§_<v*"§‘i~“'§"




i N _ 3
it j Gv) Coneave upwards for x> A or X<=2,
‘_-'_;;_.‘:; ;i . Graphis \kmlhml as shown in F I,\: :'.' 7,
T R T
’ “‘ EXA MP LE @ Sketeh the curve Y = (X = DX = 2)(x ~ 3 ~
B , ' ™
ﬁ 2 ‘ SOLUTION  Herey V' = - D= 2)(x~3) \
e -1 (D Pt y= 0 = x=123
= | ) y= - av? 4 1Ix =0

e o . ; . 2
% G = @y = 3x” - 12x + 11 and d y = 6x~ 12
nQ — dx dx?
N dy 643

n§ - when =0 = XE

_; dx 3
& 6- 3 d* .
: Q: | maximum when; X = a5 - = 23
Q : 3 dx
PEa 6+v3  d
o o minimum when; x= 8y —5 = 243
37 =S 3 dx
g % 1 r
== 28 {iii) Here; d;‘ =3x? - 12x +11 }7}
7 dx
g % K
ot 6- 3 6+ 3 maximum @, | 5
=3|x- X - — .
5 3 3 / OB
i g o | <
54 2 6— /3 0 /16—*/52‘ 6iv3/3
e — Increases when; X< 3

iy el 3 Il minimum
—-———-» or x> 6+ ‘/:_3_ < Concave ) Concave -
i S 3 down for up for
i S I 2 X>2
R 6-+3 6++3 X<
e decreases when; <x<
| 4 B 3 3 ﬁj
e (iv) Concave upwards when x>2 and |
s concave down when x< 2. Fig. 2.8
R - Graph is sketched as shown in Fig. 2.8.

. EXAMPLE @ sketch the curve y = (x - *(x - 2)
T @SOLUTION Here; y = (x - D2(x - 2)

(@) Put y=0 = x=11 2

() y=x3-4x?+5x-2

AR

dy
—_— = 2 — — -—
= 3x 8x+5 and =T 6x -8

: dy ’

‘maximum when; x=1 ag d’y _ _9

Scanned by CamScanner



s w9
whems } (dy? |
! |
m“ " , | 5 A
X «
Ay 1y fx 4 H =3 )| X ,,,]
P (s
’*i"“" ‘]\' | . ”"'I/I!r.v”“!
) ! x<l or x»! o wtxag|
[ ~[(‘;‘SP"‘ \vh(-l1l ] \ . ’{. () ,7‘ 1] .
““ 1 ‘ o4, -
hen 1< X<~ '
s W 1€ v.ye N ’
pecreases W y
4
o llp “,h(rn X2 - '3 4ln(| <
. , Cont - 4 Concave oy ,,,I‘
4 Vil thH X< — Wh('n XAl C(’n"llf up >
oncave doy 3 When x5 417
(
Graph 8 § skcwhcd as .shown in Fl& 2. 9. Fig. 2.9
,»-M N A S S —— s e— -
PLE o Sketch the curve y = 3x* - 2x 3.
1A

JTION Here; Y = 3x* - 2x°
gk

x=0, ?2- when y =0 (D)
& _ 6y - 6x* = 6x(1 - x)
} d)zf maximum I
o g—'};— =6-12x=6(1 - 2x) when x =1 s
) i ‘ d2 minimum |0 [1/2
. maximum when; x=1 as _32' = - when x=0
dx :
22 ... (if)
»d minimum when; x=0 as ar_ ~— Concave up +——»t«— Concave down —» 5
dx* x=1/2 A
y increases when; O<x<l (i) Fig. 2.10 oo S
:ydecreases when; x<0 and x>1 25
Uneave up when; x < 1
| ... (iv)
Uncave down when; x>
xﬁﬁ}_‘_lsjketched as shown in Fig. 2.10.
i
’ AMPLE e Sketch the graph for the function: f(x) =|x +3|(x +1)
Mgy (x+3)(x+1; x2-3
H e =
| ere; y—|x+3|(x+1)—{_(x+3)(x+1);x<_3 :
..U

x=-1-3 when y=0

!

1

e

iJS . x2—3
Ny [+2x+4 x2-3 dzyz{ %

o W |-2x-4 x<-3 dx
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.§ ) !
3\ : | Concave, dowr; I, Concave up
' s_ Fig. 2.11
**-j = Increasing when x<—-3 or x>~ 2
m ﬂ L = decreasing when — — 3<x<—-2 }
,,7 : maximum at X =~ }
TE mininum at x = = 2
,_, concave up when X < - 3
1 concave down when x> = 3} &
i :— ~ Note Aﬁovs example could also be solved by using transformations discussed in later parte
ot chapter.

-~ EXAMPLE @ sketch the graph for: f(x) = =
x*+3
x=-1 wheny=0

o @ SOLUTION Here; ¥ = _’_‘2_*i - 1
;_14_ x“+3 y=3 when x =0
s s !
IR 2
z;-,_iwj%__.:_ dy _-X 2— 2x+3 _—(x+ 3)(x-1) Increasing when; — 3< x<1
127 5 B0 2
F mE dc | (x°+3) (x* + 3)? Decreasing when; x < — 3or X2 1
(]
% e y
ik Ea N A
Bl
i _5';‘ 12 maximum
{8 = v T——
n S z.;..; / 1/3
3 ~ ‘ —'5 -4 =3 :2 ' 0 4 } __,____————*/rx
(-3, —~1/6)| minimum -1/6

|

y
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{mf
.-
el

8 We shall d

e
—— .

per liné rule for =, ;

' I ng dec 3 mcﬂ 1 d » |

st f

i 2

B d’y A3 g

I e et

Rt dzy

i I;ﬂimufﬂ dx 26

k d>y 1

} r,':lﬂm
, |p above CUrve x-axis works as asymptote, .¢., the curve M“;:”r“_ ——e

| Noté detail refer chapter 3. EVEr Neet f.aris, For

PP} GRAPHICAL TRANSFORMATIONS

iscuss the transformations as;

) f(x) transforms £ f(x)ta
i) f(0) ansforms to f(x  a).
) f(x) transforms O (a f(x))
i) f00) rransforms to f(ax).

) f(x) transforms to f(=x).

() f(x) transforms to —f (x).

(i) f(x) transforms to — f(=x)

i) f(x) transforms to | f(x) [

(i) f(x) transforms to F(lx

%) f(x) transforms to ] f(| x|) | Where | » | means modulus or
() y = f(x) transforms to ly|= f(x)

i) y = f(x) transforms to | y| = | f(X)

(i) y = f(x) transforms to | y| = [F(xDI

) y = f(x) transforms to y = [f(x)]
((XY) ¥ = f(x) transforms to y = f([x])-
{:,U ¥ = f(x) transforms to y = [f([xD].
;n%? Y = f(x) transforms to [y] = f(x).
") y = f(x) transforms to [y] = [f(x)].

i
=00 transforms to y = ()
) i = f(x) transforms to y = {f(x)}-
by =) transforms to y = {f({x})}
g e f(x) transforms to {y} = f(x).

= f(x) transforms to {y} ={f()}.

My
,f(x) transforms to y = f1(x), f~ (x) represents inverse of f

i ] - 3, 11
teger less than or €44

Where [ o ] denotes greatest in

to Xx.

Where { ¢ } denotes fractional part of x.

f

(x).

e
H H | PP
zbsolute value function.

m
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study the following cases as;

to f(x) + a. (where a is + ve)
fx)— f)+a

o i

Now, wé shall

(i) When f(x), transforms

)
oy &5

i

el

L e
vm shift the given graph of f(x) upward through ‘a’ units
£ apin fo) — f) - a
*n':_ shift the given graph of f(x) downward through ‘a units.

E ~ Graphically it could be stated as: ,
Q- A
‘§ "_:E y=f(x)+a
ENE T~
M a
4’%\ \‘La x x wherea>0
T&"‘“ S~JX_~y=f(x)—-a
L Fig. 2.13

—— EXAMPLE @pPot y=e +1 y=e" -Lwiththehelpofy = e’
" @SOLUTION Weknow; y =e* (exponential function) could be plotted as;

T
3 ¥ y
s s e t y=6"
0 > X
Fig. 2.14
L X . .
= .:/mui-te h+ 1, is shifted upwards by 1 Alsoy =e* —1, is shifted downwar ds by
St 1 unit, shown as
y
A y=6€+1 \
y=¢* 1 y= e ‘
y=6"-"1
1
2
‘ 1 b1 1 . 1 1
1 1 ___—-—-’X
O — X 1 ‘ O
Fig. 2.15
Fig. 2.16 /

Scanned by CamScanner



SR BT
P A
ik et

g‘;;[r.‘
1

Plot y =|x|+ 2 - . g
y =|x| and y =|x| 2, with the help of y =[], P

SOLUTION We know; .y = x| (modulus function) could be ploteq as; .ffj
ol e
y=Ixl=-xix<0 yelrlexinso o
| B
5 BN IR
-:v\‘\?n.».:
»x 5wkl
%L
Flg. 2,17 | uf:
; . F‘,r
| + 2is shifted upwards by 2 uns B S8
= y=fx " Y ys|X|+2=x+2;%x»0 F"",";
X +2l-x"' ! 8 o ‘
yl, , y=|x|=x;x>0 5% it
x’:—X, s
EINNONTg’
(5 + /‘—< ‘:“'&';'
(g—/)'t:v_‘}‘: F "-.}‘?'18 z ‘ _ﬂ
o\ \-ts- 2 ”...
\ 0T s by 2 unit _
dsoy=|x|—21s shifted dowm{ard M . x| = X3 s rig
=|x|=-X;
g x<0 3
yulx|=2m=x=2; 3
x<0 :
i
. 2,19 =
o Fig: !
I N | :
= SlIl x) d 4
’WUT Plot y=sin'x; y=(sin" 1x)+1 and Y= ( foiad o 1
e plo ;
_'0" We know, y = sin~!x (Inverse mgonomemc) could be p ‘
i ! 1 yS‘Igfl(“'"IS *| =
| | TR x)= s xf N ;
" ' : y-sin x here—1$x$1and
| . : . b
| e
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4

and

v = sin~' x + 1, is shifted upwards by 1 unit.

» = 8in”

g
|

\
L2+ 1
.

R

W

/]

—

Uy - 1, is shifted downwards by 1 unit,
' / (1, 72+ 1) yw (r-ln"".\) + 1

(1, x/2)y=sin'x

{ w2=1) y=(sin"x) =1

o]

(=1, =2+ 1)1
'

v/ -1

(—1.—.':’?.). +
(==2 - 1), 1

x=-=1

|
a
5]

SIS B .

'

-K 1

x=1

Fig. 2.21

:3“ (i) f(x) transforms to f(x — a)

ie, f(x)— f(x-a) ais positive. Shift the graph of f(x) through ‘a’ unit towards n

ok

*‘*"-— f(x)

t

Le.,

transforms to f(x + a)

——

f(x) — f(x + a); a is positive. Shift the graph of f(x) through ‘@’ units towards left

Graphically it could be stated as

EXAMPLE @ Por =,

Fig. 2.22

y=|x-2| and y =|x+2}|

b SOLUTION Asdiscussed f(x) — f(x - a); shift towards right.

=

y =|x - 2]is shifted ‘2’ units towards right.

-

=-X+2,x<2 y=|x|=x;

X>

y=|x-—2]=(x—2);x>2

Fig. 2.23
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2is0 i

)-‘:,gl"‘i‘:—

ol=dx+ 2} X<—2

y =|x + 2|is shifted ‘2’ units towards left.

y={¥==x;x<0

/’: ”2 =/"2 S -

2 20

Fig. 2.24

EXAMPLE @pwr yzsin(x-ét) il y=sm(1+2’
1

! know; ¥y = sin x could be plotted as;
B soLuTiON s we ¥

| %
‘5

\

y= Sin(x— )

;ixmns,@m y=sin"'x ¥

QWLUTION We know;

a‘.flfﬂr'n 4% in Fig. 2.27,

et s e e S o Sk s

|

y = sin~! xcould be plotted as shown
7 y = sin"! (x - 1) is shifted ‘1 unit towards ri

“d . _ in-l(x 4 1) s shifted ‘1’ unit towards left

(x+ 1)

—sinMx-1) and y = sin"H(x+ 1)

in Fig. 2.26.

(-1,7/2)8 ~n27

y= gin~'(x~1)

. .
ilg. L
A
_____ - Sl

T - B

b
i
% -
S |
{ § it
|
{
e e s st S
U e !
 Sa gt e acse g
i § : -

dosopro s
i
i
{
j
)
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(W) £(x) transforms to a f(x)

f.e., J(x) — df(x); > I'

Streteh the graph of f(x) 'o’ times alotig y-anis.

Jla) == ;llf(.r); a> 1 U,
t P

Shrink the graph of f(x) ‘o’ times along y-axis.

Graphically it could be stated as shown in Flg, 2,28
:.\g. 2.28. hC.R .1

mmot Y=x; ¥y=2x and y=_x &

ésownon As we know graph for y = 2x,
|

DY | P

Y =2x; is streteh of f(x) ‘2’ tines
along y-axis and y = %x, is shrlnk of f(x)'2'

‘times along ) y-axis.
Shown as in Fig. 2...29\: y A ‘

{(B\r + w)riie =4

AN |

2
MHM y=sinx and y = 2sinx &h

Qsownon Weknow; y =sinx and f (x) = af (x) i @

= Btretch the graph nf G0 times along y-axis,
Sy =2sinx = stretch the graph of sin x2 times wlong y-nxis,
X
aoiny V=2
i Ll y.—-1
5 .1l =
= ]
: -'l*—\-_--.----.--k y==1
=) .,.'t;-p: yﬁ :-r? ‘
Flg. 2.30
¥ e ; :
Above curve is plotted for the interval (~ x, 71} ad peridilit with perfod 27, B
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LUTION  As we Knows 7

50 1 \
y=- f(x) N
a a
_, shrink the graph of f(x) \| 53
i’ times along ) v—a)‘t_l‘s— o < A
o 4.?’=_,‘-"'sin.\' . N Ry
i g 2 ) . -
//" k. . ’ ‘1
- shrink the graph of f(x)
' times along y-axis.
- = B - _mﬂl. 281

(iv) f(x) tranm}rml to f(c-lf:&\), o1

Shrink (or contract) the graph of f(x)‘a’
times along x-axis.

again f(x)— f (—1— x); a>1
a

Stretch (or expand) the graph of f(x)‘a’
times along x-a is.

Graphically ibcould be stated as shown in
Fig. 2.32.

. Fig. 2.32
Plot y =sinx and y =sin2x. i

SOLUTmN ‘Here; y = sin 2x, is to shrink (or contract) the graph of sin x by ‘2’ units along

*-axis. Shown as in Fig. 2.33.
QE.S A7 ' Y\

\
\V/AVI\V/

m Fig. 2.33
% 2bove figure sin x is periodic with period 27 and sin 2x with period 7. I, . .

—
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=  EXAMPLE @pzor y=sinx and y=siny |
(iSOLUTION Here; y = sin (_;:} s to stretch (or expand) (e ERp of ging time; ,

b x-axis. Shown as in Fig. 2.34.

- y,

|

. — _\ L :
T N / y=sin x \'y\sm e - f
N i 7T N %
o G

i

B G 2ot

5 £ S Fig. 2.34

— i, fel . . o ) . (x). e -
e From above figure sin x is periodic with period 2w and sin (—5) is periodic with period 4%.
L EXAM PL\E @Plot y= sin” Ly._and y =sin™'(2x)
-—:—*- éSOLUTION Here; y. = sin -1 (2x), is to “shrink 4 |
““—;“ (or contract) the graph of sin{ x ‘2’ tmes -’25 'l |
7 P B along x-axis. — / y
.'....,-l.__-__ =sin'(

o Shown as in Fig. 2.35. |
ot i L
i = gl 1 f
e 8€.S .gi1 L )

(iif) Plot =sin-l(.’£_ fi e =
; Yy Jt= 1|, ie., shift t}ﬁﬁgiagﬁ(li) by ‘3’ unit towards right.

Scanned by CamScanner



-1 .

_gin~tx (ii) Plot y - gj '(xJ
) Potting ¥ " a)

P
a4
> N
L

|

|

|
LI

= - | -z
& i 1R 2
Fig. 2.36 Fig. 2.37

5
O
N
A PUE aunjeand

uea

afx )
(iii) Plot y = sin 1(;5 - 1).

LS
1S
|

} %‘ b
o -~ .»!, ‘ ; :. 53 i
v g

|
YW

v

2
!
o e
-

Y

{
0] e sl 0

!

sSuo
T

'

wyY
1
INTE
=
]
e
1

Fig. 2.38 M—-«—

(V) f(x) transforms to f(-x)
i.e., (yr)"nic =y f(x) _ f(--X)

To draw y ="f(~ x), take the image of the curve ¥’ = f(x)iny-
- OR

“T“’i{‘fthe graph of f(x) by 180° about y-axis.

GraPhically it is stated as;

Pt y=f3)

axis as plane mirTor.

OR

: \ , Fig. 2.39
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¥

Plot vy=¢ .

-

* SOLUTION As y = ¢~ is known; theny =¢™" is the image in y-axis as plane mirror for ./

-

| shown as;

— 5

Flg. 2,40

m };lhotnthe curve y = log, (= x).

¢ SOLUTION Here; y = log,(~ x); is to take mirror image of y = log,, x about y-axis. Shownz

A

y= loga(=4 y=108,

b (‘1 ) 0 o (1 ’ 0)

Fig. 2.41 |

Y

¢ SOLUTION Here; y =sin"'(-x); is the
mirror image of y =sin™(x) about y-axis

Shown as in Fig. 2.42.
2
Fg 242 -
. —
(vl) f(x) transforms to =fOg— " //
Le., f(x) _) - f(X); v
To draw y = - f(x)take image of y = f(x)in the x-axis as plan 4 mirror.

OR
i "rm—n the graph of f(x) by 180° about x-axis.”

Sl u_,_‘.._...-,.o*-)
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‘ plot the curve  y = —¢*,
; y‘

' = ¢¥ is known; Yoo
5@{“1‘10" \‘AS Y X
¥ 5 ¢ take image of y = ¢ in the x-axis as plane 1
L ¥ \
| agrofy (o L\‘
‘; \\ /
\! : =gt = ,‘
| " Ly
e .
' B Plot the curve y = - (log x).
. 0.3 .913 Y?
‘SQLUTION As y =log x is given then y = — log x . y=logx

is the image of y =log x in the x-axis as plane
mirror.

M.\ y==log x
,, \ Flg, 2.44
m Plo&‘ti}encurve Y =—{x}; where { -} denotes the fractional part of x.
‘)SOLUTIONWAS ¥ = {x} is known;
.S .mi . .
4y =~ {x} is the image of y = {x} about x-axis as plane mirror.
' y 3
'ﬂ\ \r;}
- 1 '#:
y={x}
— ~ — 3 » X
m NG
T \\" o
N —— Fig %14'
I " \
L:,) Faniformg ¢ - f=x)
mdraw ¥ f(x) — = f=a) pol- =+ y &
ahOut . o f=x) take image of f(x) about y-axis to obtain f(-x) and then take image of f(=X b
. 5to obtajp fl=x). 8.5 .ail
- f(x) — ~ f(=x)
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= (i) Image about y-axis. (ii) Image about x-axis.
Graphically it could be stated as;
Y
¢ y= "/(-~/}
OR
Jimlisat />t |
> X 5 _— |
y=1(=X
7 y—"{(;’
oyl Fig. 2.46 (&
e {-EX'AMPLE@PIOtt’)ZCUWe y=-e*, .

¥ SE
‘

B

|

SOLUTION As y"é e* is known;

(i) - Take image about y-axis; fory = e™™.

| S i o)
(ii) Take image of y = e™* about x-axis; for y = - e™™. 1 /

Shown 45 in Fig. 2.47.

EXAMPLE @) i e carey -~ ot
ésownou As y = log x is known;

(i) Take image about y-axis, for y = log(-x).

(ii) Take image of y ={ llog?y ?/ y7ﬂg7(
8 B :_\{ X
-y -, . \' .., -~

y=log (~X)

(X — oF aimioizns) (O (i)
y=-log (=x)

Fig. 2.48
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yAMP Lﬂ@ Plot the cupve .,
6'50'-“"0" As wie know the ciipye ),

’r

‘1 Athiere 1
Y = {x},
"() ‘)‘l}' Y = {_‘_’}

Cop et
e f1tit b pars)

(i) Take image about x-iixis,
(if) Take image about y-axfs,

Ll 4

1 200

;XNMPLE f@*’fﬂf’?ﬁ?'éu;ﬂ‘ﬁ#’ww YU et | | deritnes the yreatest iitegir finbtion'y

OLUTION  As we know the curve for y =[x,

to plot y = — [~x] S
() Take image about x-axis, R
y e

1
f—’-( s + 8
3
l—H _[f?..m.‘ e EY

4 o

3 =
» X
4 5

T
e ul
v & 7,’ ; .:.'
] Bt {
o b g

134 45 '
S’.‘.:t ‘{.«!Ii
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(ii) Take image about y-axis.

-1 —1
h CIN N
i —ﬁhﬂ =3| L
| 4
Fig 281

(vilf) f(x) transforms to |f(x)|; (where | ¢ |represents modulus function) ,\‘

ie., fOX) — | f(X)] |

Here; y =|f(x)|is drawn in two steps.
(a) In the I step, leave the positive part of f(x), {i.e., the part of f(x) above x-axis) as it is.

(b) In the II step, take the mirror image of negative part of f(x). {i.e., the part of f(x) below

x-axis} in the x-axis as plane mirror.
OR

Take the mirror image (in x-axis) of the portion of the graph of f(x)which lies below x-axis.
OR
Turn the portion of the graph of f(x) lying below x-axis by 180° about x-axis.

Graphically it could be stated as

Graph of f(x): Graph for | f(x)]|:
{ T
AN ~ A
___./-1 0 1\;,( | =1 oﬁﬁx
y=Ff(x)
02.8 .gid
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i

f"/ \"\_ 1
“ Draw the graph for y 7—,-"| log x| ,’f

Qs.oLUTION To draw graph for A.‘-l’ =| )6g x| we hava

= 108 . to follow two steps:
(i) Leave the (+ ve) part of y = log x; as it is \ /

(i) Takeimages of (-ve) part of y =\'{08 X, Le., the par} below X-axis in the x-axis ¢ pl
Shown as:

Graph for y = log x :

ce.s i Graph for y = [log x| :
% y
A
y=logx
5 ; —» X
Fig. 2.54

Flg. 2,55

which is differentiable for all x e (0Q, «) which is clearly differentiable for all

i nie| ::?‘\\J/'M‘\_ o~ “\\ P i \ l,x—"é'((),wio),:—"{'l}‘.'\f‘qs" at x =1 their is a
vV v “sharp edge”.

n Draw the graph for y =|x? - 2x - 3|

SOLUTION  As we know the graph for y = x? - 2x — 3= (x - 3)(x + 1) is a parabola; so to
sketchy =| x2 - 2x - 3 | we have to follow two steps.
; . = 200 gSlh
() Leave the positive part of y = x>~ 2x< 3, as it is. .
(i) Take the image of negative part of y = x — 2x - 3, i.e., the part below x-axis in the
x-axis as plane mirror shown as in Fig. 2.56.
Graphfory = 2 - 2x -3 = (x = 3)(x + 1) :

Y

(%] )\ oF amiotenstd (X))} (i)

v
x

3 2010 1 2 [s3

o Nl

-3 minimum at x=—
—4\

7 ‘_4) —+and y=— 2a

L2l

ane mirror.
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Graphfory=|x2_2x_3l.

R

PR
e JAAN R | b ¥
H i |

~

i W

Wil wan &=
LY
Q
(4%

Fig. 2.57

Clearly above curve is differentiable for all x € R - {~ 1, 3}.

EXAMPLE @ Sketch the graph for y =|sin x|
@ SOLUTION Here; y = sinxis known.

~. Todraw y =|sin x |, we take the mirror image (in x-axis) of the portion of the graph of siny
which lies below x-axis.

»._-. f - A) R A ) ¥ < ) Ll 4
24 5 \ ¢s-2n | |/0 LANY I P56 3n'y |
) 4 Y 7’ S h A
sz SEOA - St ~ \\ >
'___.;,. Image of portion below
i X-axis
- Fig. 2.58

From above figure it is clear;
y =|sin x| is differentiable for all x € R - {nm; n € integer}.

(ix) f(x) transforms to f(1x|)
Le., fO) — f(|x|D.
If we know y = f(x), thento ploty = f( | x|), we should follow two steps:
(i) Leave the graph lying right side of the y-axis as it is. '
(ii) Take the image of f(x)in the right of y-axis as the plane mirror and the graph of f(x) Jying

leftward of the y-axis (if it exists) is omitted.
OR

Néélect the curve for x <0 and take the images of curve for x>0 about y-axis.

Gl s
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araphically shown as;
}I

'y y

y=1(x) _
Neglected Y=f(|x])

0 o —

~ Image of
f(x) about y~axis
when x>0

Fig. 2.59

EXAMPLE g Sketch the curve y = log| x|
Q SOLUTION  As we know, the curve y =log x.

.I. pue aneainsy

* Yy =log|x| could be drawn in two steps: ;
(i) Leave the graph lying right side of y-axis as it is. ~3
(i) Take the image of f(x)in the Y-axis as plane mirror. Sy
f y -
y=logx i yeogiy L@
‘>x ~ B K

2 1 -1\ 0 1 e 8

.

! 5- B

- N

Fig. 2.60 O EEE

X»A.M.,Y.P LE @ Plot the curve y = ¢!*I,

SO
LWTION A5 we know the curve for y =e*,
N
y=¢"
Image T~
fory=£(x); x20
(1,0)
Ty o "X i S
EHuN
* To Plot Jx| a2l Fig 2.62 Ll
in o Y= elX : ‘ |
PIF, 8267 Y= el¥l, neglect tl.1e curve for x < 0and take image about y-axis for x 2 0. Shown as oo
e i
W23t
4dte
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@

Plot the curve y

S = sin| x
SOLUTION | L
: y
neglected y=sinx y=8in x|
ll‘ . b 0 ,_," / > X '\ x
N\ A \_/ \/ 0
‘-_‘_,_.y‘=sinx"u y=sin |x|
Fig. 2,68

PERRNBEEND) roc e curve =12 - 21513

Q SOLUTION As we know, the curve for y = x? — 2x — 3is plotted as shown in Fig. 2.64.

( X
y=x?-2x-3 3 y= |t =22
S,
&
~ 1 3 o [1 a
S, ,1‘_\). R ‘lcé/#/ -
\ }‘!'J
4|\ 10,4 [(1,-4)
\Fig. 2.64 Flg. 2.68
- y=f(x]), ie, Y= |x|? - 2|x|*2 3is:td be plotted as shown in Fig. 2.65.
which shows y =|x|* = 2| x| - 3is differentiable for all x € R — {0}. &
(x) f(x) transforms to IfC1x DI
ie ) — (x| y
+Coy - \‘l‘\‘ . d_ i
Here, plot %Qe curve in t\N})"steps; 1 y=1)
@) feo—feal o @) | fe | — 1FUxD]
B O g
} 0O +
@ fo)— fUxD /1/21
() f(x|)— | FCx D) L (viii) and (ix) Y
eransformatigns: 18.5 .5i1 |
Graphically it could be stated as shown in Fig. 2.66. Fig. 2.66
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@y =Sl (H) y=|f()x])):
): '/
y = |I(x)|
P A 1
(} -—M«,__*_
A i [ = H\./ /-

O 172 ~1-1/2 [01// e >y
Fig. 2.67 Fig. 2.62

EXAMPLE o Sketch the curve for y =|]x|* - 2)x |~ 3.
SOLUTION  As we know the graph for y = x% — 2 _ 3, shown as:

@

SUOREBUWLIOJSURL] PUE SINIBAINT

y
A
y=x-2x-3
Fig. 2.69
0 y=x? 25— 33 v =[+]2 -
3=y =|x| - 2|x| -3 (11)_y=|x|2 - 2|x|—3—~>y=||xlz - 2)x|- 3|
{ { AR
(-1,4) (1,4) L Bt !
_I,: ..." _. -~
. . [ : f
-5 _1 O 1 3 Lol 4 4_-? Ay
-3 1| 0 |1 y
)3 S
(-1,-4’ (1,-4) -3+ w gl i
Fig. 2.70 Fig. 2.71 R
Clearly, above figure is differentiable for all »4-«’~-_~' =

T — xeR-{-303}
775 dob E
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EXA . |
: AMPLE @ Sketch the graph for - l et i

{
? SOLUTION  As we know the graph for y = ¢

7
i
: yn
;. y-t l/
{
.
! i ; B——— 4
»,v’ ; ! T ———
et 1
ot i Fig. 2.72
‘-.é‘.,.w 1 . x - ‘l (]]') — i P 4 y = ¢ - :'-
LY i mE " ——y=e - Y= . 2
dE % () v y - 5
i il y A
Lo A
]
‘% : /2
for 1
e i
i 1z ”OQ 2/\ » N
“:‘ 1 \- > X / (0] Iogé‘\\_\_ y=6 b
' - O togZ ™~ =77 /
:;fi’" "1/2
‘,
o
..., Flﬁ- 2.73 FIH. 2.74
. O
; S |
i =0 -
(iii) y 5
A y
¢ A
1/2
i % V= (;VL%I
i L B ; v » X
i Tog2 O]  log2
e e
a5 -1/2
o
it s
zi | - Fig. 2.75 e
(xl) y = f(x) transforms to |y} = f(x)
Clearly|y]z 0

= if f(x)< O graph of | y| = f(x) would not exist.
if f(x)z0; |y|= f(x)wouldbe given as y = £ f(x).

4 b
Hence, the graph of |y | = f(x) exists only in the regions where f(x) is non-negative and wil
reflected about x-axis only when f(x) 2 0. “Region where f(x) < 0is neglected”.
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OR
(or neglect) the portion of the graph which lies below x-axis.
ove (O

{) Rem emaining portion of the graph, and also its mirror image in the x-axjs.
(ii) %lita;ﬂrei: could be stated as shown in Fig. 2.76.
Grap )
graph for ¥ = F(%):
Yy
A
/\

(1,1) y=fx)

1,1 Y1 =fx)
.-1 /_-,— 1“ ( )
= > X 1/2 .
0 /1/2 1 0/\
k 4 1
-1
\ A (1-—1) ,’.'.TT:".',-_:";::
T2 neglecting y about x-axis

............................

|

wIojsues) pue sinjeAind

Fig. 2.76 ¢
EXAMPLE @) Sketch the curve ¥l = (x = D(x - 2)
SOLUTION i
As  we  know _the  graph for =>_y:(x—1)(x_2)‘)|_y|=(x_1)(x_2)’ 3
Y ={x-1)(x - 2), is shown in Fig. 2.77. as shown in Fig. 2.78. .
}j\ N .,.= s i
_,m =i
! \
—20 132 2 3 o) ( 1 \ \ - | 7 s
—_— X \ W / + > X ‘,—. e
(372, ~1/4) neglecting ..
Fig. 2-77 Image on x-zxis. -i:*“.‘
/ when (=1i{=2)20 | e
Mo Fig. 2.78 T
s AneLe @ B
Vootumgy, & Petthecune |y]= sns e
Nk ON HeFé, we know the curve for y =sinx i a8
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‘V\

Ll
In X

Fig, 2.79

Yo sinx e | y| = sin x

-:.’x/-\-n o/ \ \n 2n__:) an
\ N\

neglected  Image neglected

e ot o 4

-1 Image negloctod Iimago  neglocted

Fig. 2.80

EXAMPLE o Sketch the curve | x| +|lyl=1

© SOLUTION  As the graph for y

=1- xis;

y
\

AN

/.

Q) y=l-x—y=1-|x|

b —

—p X
o) 1\\

y=1-x
+-1

Fig. 2,81

(ii)y=1—|x|->|y|=1-|x|.

Fig. 2.83

Clearly above figure represents a square. .~
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AMPLE o shete the catrve | x| — | v =1
(X

e giaph for y =« |ia kiitiwii;

Fit. 2.n4

0y=x-loy=lx| - (i

f

S

>t i " |
“1;, -

Uiy = f(x) transforms to |yl =|f(x)|

(i)’ Y= J0d = |yl =| fx) st plotied in two steps,
o y = lf(’f)i———-?y‘“ll(’(”

=S| = || = | f(0)]
Gm[’hk“ny il could be stated as:

t H
{ Ll
L il
i Y= 100y t0n) y= 1t = | =104 bodoel |
A(") (il i
S
il

"‘ ! ‘f|._i/|—|1| /

Vig, 2,146

I P
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' f,’ YAMPLE o Plot the curve foriyl =ie™"}
* SOLUTION Here; curvefor y =e " isshown as;

4
y=6"
,: 1\
: 0 » X
‘i
Fig. 2.88
() y=e" —s y=|e”| (i) y =le™| —|yl=]e7*]
) / %
y=167|
1
1WSsame O\ > X
0 e _1/’—
Fig. 2.89 Iyl = le™|
Fig. 2.90 B

EXAMPLE oplﬂtthecurve [yl =]e* -1].

‘ SOLUTION As we know the curve for y = e” is shown as;
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650(.UTION Here; we know the graph for
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y = sinx, is shown as
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;“géf'i (i) y =|sinx + = | — |y|= Sinx+—~
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- |y|=|sinx+l‘
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LET /\ \ // \ 2 —> y=3/2
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Fig. 2.98
(xiii) y = f(x) transforms to IvI=1f(]x D]
Le.,

Y =) — |yl =| f0)|.
The steps followed are:

® Y=f)— y =| fx)|
(if) Y=l — y =| f(|x |
(iii) y=|f(IxI)I§>|y|=|f(IXI)|-
Graphically it could be stated as:
1

yo

Fig. 2.99

Scanned by CamScanner



Fig. 2.100

iy y =1 fUxDI— 1y I=1f(x DI

Fig. 2.102
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EXAMPLE (@) Plot the|y| =
|

QSOLUTION Here; we know the graph fory =e™.
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41 e 1 I v) y=|e""= 2 !
4j (i) y =e ""—;-——U’" £ 2" 2 y | 3
_.i,-ig .\.t y f
’f—**‘;' A
.wi._..m.é._ 1/2 ly T |
-l 1/2 \/*t»m
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ﬂEi‘ —log2 O log 2 _/ (o] ‘\\_‘\ ey
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> ] ‘i il

‘;«. -!— i . -
§l | Fig. 2.106 Fig. 2.107

"R EXAMPLE @) Pt |yl =|loglx|l.
I 3
Q* © SOLUTION Here; y = log x is plotted as;

Fig. 2.108

e () y =logx — y = log| x| (ii) y=]og|x|—ay=|log|x|l
TIER A 5
: A
B -INO| /1 R
i
j

Fig. 2.109 -
(iii) y =[log|x|| — |y | = |log| x|

M

Iyl = [log |x|

Fig. 2.111
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0 sketch the curve |y =|lx|* ~ 3|x |y
. we know the graph for y = x* _ gy 4

e S S i X

A\

Fig. 2.112

i)y =x*- 3x~2—+y=|?‘lz~ 3[x| -2 (i) y =|x|? “3X[=25y =[x [* - 3)x| - g
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Fig. 2.115
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(x) transforms to Y = [f(x)]; (where [ » ] denotes the greatest integer f,,
Ctig,

s xvy=f
{18 5 ie. Fx) — [f()] )
»*4~ Here; inorder to draw y = [f(x)] mark the integer on y-axis. Draw the horizontg] line
S

h. Draw vertical dotted lines from these intersectiop Doi b
intg.

h

axis from any intersection point to the nearest verticy] o
Otted ’

I

it ”"|=” integers till they intersect the grap
| 1" draw horizontal lines parallel to x- '
|| W= . _ith blank dot at right end in case f(x) increase.

OR

Step 2. Mark the intervals of unit length with integers as end points on y-axis.
Step 3. Mark the corresponding intervals {with the help of graph of f(x)} on x-axis

ST
L & Step 4. Plot the value of [£(x)] for each of the marked intervals.

;,”Q" Graphically it could be shown as:

|
Mg --j} step 1. Plot f(x).
1

'*;A,wﬂ,‘._,_
4 3
2
’ y=Ff(x)
(0]
b -1
. )
jr B \ 2 Y 1 Y Yy Yyy
Xy X2 Xz 1'% X5 X X7 Xg
: 3
b 2 B
m'
if O Tt
[ [ y=[f(x]
i’ Vit v )
; Y v v 1y Y VYYY
£ X %2 X3 1% X5 Xg X7 Xg
4 Fig. 2.116
_w"_ EXAM PLEe Sketch the curve y =[sinx]
: - SOLUTION Here, sketch for y = sinx is shown as in Fig. 2.117.
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Fig. 2.117

y =sinx = y =[sinx]

!
; 1
® O - X
i -1 | i o y=[sin x]
4
: y A \ \ \ \ \ ¥ ] \ \ y
! —3n 51 2n_3% -ny__R| y_R n 3t 2n 5t 3n
2 2 2 2 2 2
| Fig. 2.118

EXAMPLE e Sketch the curve y =[x* - 1] (where [ -] denotes greatest integer function).

When- 2< x< 2.
,sownou Here y=x2-1
|
|
i
|

:.$¢ogiéwJo;sue1 1 pue aunjeasins

M) y=x*-1—sy=[x*-1]

could be plotted as shown in Fig. 2.119. e
N -
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y=[E-1);-25x52 SR :
' Fig. 2.119 fod R
P g Fig. 2.120 .87 e
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Play

-From these intersection

( w12 = X215 where [+] denotes the greatesy Nteo.
EXAMPLE o Sketch the curvey  y = l,\/.!» N*1y where [2] ey

function,

O sealan fevg = (
@ SOLUTION  We know, y = /2= x® represents a circle for y 2 0.
Shown as in Fig, 2,121,
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Thus, the graph fory = [/2 -x4]
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Fig. 2.121

(XV) ¥ = f(x) transforms to Y = f([x])
Here, mark the integers on the x-axis. Draw vertical lines til] they intersect the graph of f(x)
points draw horizontal lines (parallel to x-axis) to meet the nearest right
vertical line, with a black dot on each nearest right vertical l