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T kıe  c u rv e  y - c o s e c  x  te n d s  to  m e e t a t x - o
, 

į n , 
1 2 n

.
A t in finıty

a  o r X  =  m c
, 

n  E  in te g e r a re  a s y m pto te  to  y - c o s e c  X
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2

c a lle d 
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r Th e re fo re
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ılc rc
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Flg 1 5 1 Fıg 1 52

N o te  In  a b o v e  c u rv e s  w e  h a v e  u s e d th e  n a m e  a sy m pto te s  fo r its c o m pıe te  d e fln ltio n see

c ha pte Q

ın v e rse  T rigo n o m e tric  C u rv e s

A s w e  la ıo w  b lg o n o n ï e u lc  ń in c d o n s  a r e  m a n y  o n e  in  th e ir d o m a in
, 
h e n c e
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th e y  a re  n o

B u t th e ir  in v e rs e  c a n  b e  o b ta in e d by r e s tric tin g th e  d o m a in  so  a s to  m a ke  in v e rtibıe

N o t e  Ev e ry in v e rs e  trig o n o m e tric  is  b e e n  c o n v e rte d to  a  fu n c tio n  by s ho rte n in g the  d o m a in

F o f  e x a m p le  
L e t f(x ) =  sin  X

W e  kn o w
, 
sin  x  is n o t in v e r tib le  fo r  x  E  R

"

In  o rd e r  to  g e t th e  in v e r s e  w e  h a v e  to  d e fin e  d o m a in  a s

x .  L ' ş]

:

: 
1)

L

å > [ Ļ 1】 d e fin e d by f (x ) =  sin  x is in v e r tible  a n d in v e rse  c a n  b e  re pre sen tei
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H e r e
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F ig 1 5 3

F ig 1 5 5 L I
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" b y L
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x  ţ r
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f y - 5ln
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x

w h e re ,
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y  =  s e c
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h a s d o m a in  � R ( 1
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1) a n d r a n g e  E [0

, 
7c】 Į sh o w n a s

◆  » a x is

(n ,
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Ì
.

; R

(v n ï-A s w e  kn o w
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f : Į ' Į {ū}
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ii ( i
, 
i) is  in v e iī i o ie  g iv e n  b y  j (e ) =  c o s e

y - c o s e c
1 

x  d o m a in  E  R ( 1
, 
1)

y =  c o s e c  x

g o n o m e tric  fu n c tio n  is  m e n tio n e d , 
th e n  it m e a n s  the  prin cipa

ı

v e rs e  trig o n o m e tric  fu n c tio n  is  m e n tio n e d , 
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the
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1
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1

ť '

C O S  A  +  C O S  B  +  Ţ  s  C =  ĝ (o n ly w h e n  A - B - c)

2

1
: 

ĹE  s o ıv e  th e  inequQıiy 
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=  x

SO LU T IO N  L e t; f(x ) =  lo g  1o  x  a n d  g (x ) =  x  w h ic h  c o u ld  b e  sh o w n  a s

°

Į

e  e  a t o n e

ダ

lili

园国园团团困团团 "".(。竺 ，。
x

■国■目 i
， 丁 イ ア 团团国回国 =



Scanned by CamScanner

ţ
'Àiilijptli ßkml>mggñ«phþ/T.yi#iij / (fi}x}

希㈹  W T ïO N 翩 ，ブ
ー 当加

' ł和加对细声烛殖紐癩 h 声縣翊 茗島

tp drĦw ĺhl§ W 》pb w § b I ì u  j d d r a  w  f? i #  M  1 a  Ħ h Ï � i { ï e  r v g ¢ } i 2  #  m d i 
fu

vR ïņ# Į¢ o fx , 
!āe

A e w e ta wi

o r

w hlcb l¢ d efin e d fo r tbe  In te rv al o tJe n g th 2 1r : P ı  ä ti

ダ
4

X ,

'

.
X X

. . ľ r! , ĮF
'"hr l h , " a . ' " t,a  iA t l'" . '" ln . ' " \

N o te  ł S« rd en u a re a dvíce d 【o  ie a rn ıh e , rj f s in
Ą  (s in  F j a s

,

x  +  2n

F l$ ,  
1 7 3

取

：
初

2 
1  

2  
o

2
初

2

S  x ś

�
S  x ś

Ś × Ś

羞 x ś  a n d 田 聞



Scanned by CamScanner

旧■
ı
(c o ı x }

X ) f#  P e rlo d tc  w ith p e rio d  2 tr,

d r a w  th e  g ra p h fo r  o n e  ín te r v a l o f le n g th  2 n  a iıd Fe p e a t fo r  e n tir e

o r

角 \ It

國

-

：

：
：

ぶ
卜

一

い

灯
。

州

处
沸

汇

粼

h a s  b e e n  d e fin e d  fo r  o  <  x  <  2 tc th a t h a s  le n g th  2 7c s o
, 
its g r a p h c o u td  b e  p lo tte d  a s

ダ

F ig 1 7 4

, i T h u s
, 
th e  c u r v e  y - c o s

ı 
(c o s  x )

( P  L  E  S fæ tc ìı th e  g r a p ìıjo r  y - ta n
'
(ta n  x »

席

摸
一

相

差
の

ー

穆
習
冒
聯

一
니

Ħ

'
(ta n  x ) is  p e rio d ic  w ith p e rio d  ?r

g r a p h  w e  s h o u ld  d ra w  th e  g r a p h  fo r  o n e  in te r v a l o f le n g th  1c a n d  r e p e a t fo r  e n tir e

ta n
'
(ta n  x ) =  x  ; Į . "

す

ー

fin e d  fo r <  x  < th a t h a s  le n g th  n S o
,  
its  g r a p h  c o u ld  b e  p lo tte d  a s

し

ー

脳

a  b v  n ici



Scanned by CamScanner

L

E X A iIIıP L E  tht M jb r  y - o o ie c
ı 
(co le c x ) ,

国匦 吟S O LU TiO N  A ı y 也 m 猷
'
(a o ıe c  x ) b  p e rlo d lc  w ith p e rio d 2 R

th l*  gra ph w e l d  a a w  th e  g ra p h fo r o n e  in te rv a ı o f le n gth 2 x  a  n  d r e  p  e  a t fo r e n ti. .昌

島
三
回

冢
酴

2

2

Jw  w e  tr w n f
ı

X S x < U  O f O «  X ś  
70

o o s e c  
ł[c o i e c  x ) = '

X X  ; 
2  

Ś n x <  0  o r O く n x ś  
n

X ； X �

冗 x  x � 
，

。 一  (。，흠]
Æ ııs

,
" " d m d " Ŝ ' ] {O

,  
n } th a t h a s  le n g th 2 n s o

,
' " p h  c o u ld .

c o se c
' «c o s e c  x ) =  4

:

- s e c x )

g r a ph  fo r  o n e  in te r v a l o f le n g th  2 n  a n d r e p e a t fo r e n tire

, 
h  c o u ld be  plo tted

o r

: į ŁA Į  ť



Scanned by CamScanner

�

F ig 1 7 7

Thw  the  c u rv e  fo r  y - s e c
ı 
(s e c  x )

'
(c o t x }

�

'
(co , X ) is p e rio d ic  w ith  p e rio d 1r

Valu es o f x .

�

As w e lm o w  

# ! i
c o t

'
(c o t x ) =  {x  O  <  x  <  n }

w hich is d e fin e d  fo r  ıe n g th  i e
,  

x  � (O
, 
n ) a n d x e {n rr

, 
n  � z }

W  its gra ph  c o u ld b e  p lo tte d a s

J į

& į  į

;

m e n d o n e d six  c tır v e s a r e  n o n p e r io d ic
,  
b u t h a v e

d o m a hı a n d  r a n g e  a n d th e n  sk e tch  th e s e  c u r v e s

:



Scanned by CamScanner

H e n c e
,  

w e  sh o u ıd  sk e tc h  y - s in  (s in
1 

x ) o n ly  w h e n  x  E  [ 1
, 
1] a n d  y - x s o

, its graph

F ig 1 7 9

Į 

«lı» S k e tc h  fo r th e  c u rv e  y - c o s  (C O S
1 
x )  

W e  ım o w
,  

d o m a in
,  

x  � [ 1
, 
1] (i e

,
1 ś  x  5 1

a iıd r a n g e  y - x  y  � [ 1
,  
1]

H e n c e
, 
w e  sh o u ld  sk e tc h  y - c o s (c o s

1 
x ) =  x  o n ly  w h e n  x  E  [ 1

,  
1] S o

, 
its  g r a p h c o u ld b �

■ p lo tte d  a s  sh o w n  in  F ig 1 8 0

th u s
,  
th e  g ra p h fo r  y  =  c o s (c D s

1 
x )

F ig 1
.  
8 0

(n j s h  fn r  th e  c u rv e  y - ta n  (ta n
'

x )

a n d

y = Ta n  (ta n
'

x ) =  JĻ V x E R

S o
.  
Its  g ra ph  c o u ld &  p lo tte d  a s  sh o w n

飞 汇 も ) t

◆ = 1



Scanned by CamScanner

W " - c o s e c  (c o w '
x )

矚
(Ĺ& ,

0 0  <  X Ś l o r l ś  X <  0 3)

a ird ra n g e y - x y  � R ( 1
, 
1)a r

l H e iıæ  w e  sh o u ld  sk e tc h

y - o o se c  (
1 
x ) =  x  o n ly  w h e n

S o
, 

its  g ra p h  c o u ld  b e  p lo tte d  a s

sh o w n  in  F ig 1 8 2

T bu s
,  
th e  g r a p h  fo r

y - c o s e c  (c o s e c
'
x »

= R  

x < - )

.

"

ダ

Or) s ke tc h fo r y - s e c  (s e c
'
x )

W e  】c n o w
,  
d o m a in  E  R ( Ł 1)

(Ĺe
,  
< X ś 1 o r  1 5 x <  o o )



Scanned by CamScanner

ıģ 
:

ITw

fv ) sln
' (3 x 4× 

3
) fv o c o s

'
(4×

3
3×l



Scanned by CamScanner

t

ga p s  a r e  n o t d iffe re n tia b le  a t trm t p o in t Ð

S o .  
In p e v io u s c u rv e y - s in ı 

, 
w e k n o w it h a s  s h a r p e d g e a t x = 1 a n d  x = l

S o
.  
N o t d iffe re n tia b le a

ţ m  Sın tc h  y - c o  S  
·  \ )

.:·.ţ ' " . n ıa iıı + .  1

{S e e  E x a m p le  2 }
J

h   ta n e = x 4 e =  ta n
1 

x »

◆

。

隽
一

吸

註



Scanned by CamScanner

卜
茫

一

龚

孤 t3he 評 ゆ イ y ' O TS
'

\ Ļ ť
â j 2 ıH n  

1 
N  X <  41

, 

n s

. 歹一 汽

Fto m a b o v e fıgu re it is  c le a r y - c o s:
1 Ĺ ) is n o t d ifte re n tla ble  M . - 0

r l
v ııi u n ıilw ıı ıw ı ' 1 x  

2  )

D e Ħn ln g  d ıe に個ママe

X

l
\

y = ta n
ı 

f
f

x
i  

t ı» w Ŕl

y E į  · å . " " a n
'
e y   · ( Į ' Į)



Scanned by CamScanner

S o , 
th e  g ra p h o l

Z x  

n   ł a ta n
\

v  x <

1 x
.  Z tn n

ļ 
x  1 <  x   l lß ah o w n  n «

2

w h ich  is n e ith e r  c o n tin u o u s  n o r  d iffe re n tia bıe  a t x - { 1
, 
1}

'ĺ )
H e r e

, 
fo r  d o m a in

iyĘ

y - ta n
'Ĺ )

x E R  e x c e p t 1 3×
2

.  0  = > x +  土
1

X E  R 土



Scanned by CamScanner

箔十3切 30 4 熠ヰ 吕t莉n  
1 
i ； t囟门

!
育く

6

九 十 3 0 3 0 >  Į n ¢  h ŁÏ I
I 
)r: ta n

! 
X  

6

n  +  3 ta n
ļ 
x  

J
X く

」么

so
, 
th e  g ra ph o f y - 1a n

1 ( ) .  3 ta n
1
. -  <  x  <  

3

冗 十 3 ta n
'
x X 〉

万言

Ï

§ /  I į /

x - 1/43 X a 1/l3

Fıg 1 8 8



Scanned by CamScanner

叻 y - sin
ı(s in 3 e) = , 3 e ş'

- 3 sin
'
x  ž" ın_1

1c 3 e $
.  3 e ś

· 
. 3 sin

ı 
x

n  
ś  s in

l 
x ś

n

2 
2 2 6

F o r  d o m a in  y - sin
'
(3 x 4× 

3
) X  � [ 1

, 
1】

F o r  r a n g e  y - s in
'
(3 x 4× 

3 
) .  y '

, Į

7c 3 s in
1 

x 1 5  X Ś

S o
, 
th e  g r a p h  o f y - s in

1 
(3 x 4 x  ) =

is sh o w n  a s

;rv' ' " t 
I ītį{

. 4×
3
)

:  

:  
:  

:

;  

:  

:  

:  

i  
:  

;  

:  

;  

:  

;

:  

:  
:  

:  
;  

.:.;:



Scanned by CamScanner

2 n 3 c o s
1 

X  
1C 

ś  c o s
l 
X - b

2 16 3 e n  Ś 3 e Ś 2 n

' °

2 n + 3 c o s S e o s ı

3 Jr ï rj

1
Z n j  C O S  X j

1
'

ś × ś 1
=  « 3 c O S

2

2 n +  3 c o s
'

X  1 5  X Ś
2

c o s 
1【 

ś  c o s e ś  c o s o o r  

1 
ś  c o s e ś  1 H e re

, 
th e  in te rv a l cha n gedţ  If o s e s  Į 3

1

sin c e
, 
c o s x  is d e c re a sin g in  [O , 

n ]}

1
名冗 凸 C 0 5  ×

S o
, 
th e  g ra ph  o f y - c o s

1 
(4×

3 3 x ) = , 3 c o s
1

2 1【+ 3 c o s
1 

× 1 5 x 5
2

)

is sh o w n  a s

¢į

F ig 1 9 0

, N u s
, 
th e  c u r v e  fo r y - c o s

'
(4×

3
3 x )

,

įţ iĮ ; thich . ' ' " e n tia ble  a t x  =  į  J
ţ Į į ĺ iæm S ke rcli the .

. 
N h . .

§į5,ījE$ī.ŝĺìįİi ). Ï . I ;, c  o s  e c  x (iD c o s x   se c x  ( i  ta n x   t しA

c u r v e s  e a c h  is  e q u a l to  1
,  
b u t fo r  d iffe r e n t d o m a in  a s

x  � R {ıtlc n � z }



Scanned by CamScanner

(II) y =  C O S X s e c  X a l ; X f  ıı (2 m   1) å ; n f z

(iii) y - ta n x c o T x =  1
x ó R rln

, 
n n  + Į ; n E z

Tlıw , 
th e y c o u ld b c  p lo tte d a s

V

: 
į į

y   ·  1

且 上
台 X 入 扣 X

į
-

ľ ĝ
" ' " ' "  $ĝ 围国 

"
2  : 
i

y =  eın  x c o s e c  x
y =  C 0 8  X e e c  X

ダ

y - ta n  x c o t x

一

于
邕
，
買
盪
。
.
.
.
.

&
自
コ
弓
了
旧

，

Fro m  a b o v e  e x a m p le  It b e c o m e s  c ıe a r th a t y a s ln x   c o s e c x = 1
, y = c o s x   s e c x e l

,

y .  Ta n  x c o t x - 1 b u t th e y a re  n o t e q u a ı
, 
a s  the ir d o m a in s a re  d iffe re n t

E q u a ı fu n c tıo n s  T h o s e  fu n c tıo n s  w h ic h h a v e  s a m e  d o m a ın  a n d ra n ße  a re  e q u a l

fu n c tıo n s

8 x  + 1)

I s in  x l +  lo g I c o s e c  x ı ) (v i) 1 +  3 (lo g s ln  x  +  lo g  c o s e c  X )

o  p lo t a b o v e  c u rv e s w e  m u st c h e c k p c rio d lc ity d o m a in  a n d ra n g e

m  

, - ł" , 
X



Scanned by CamScanner

L

n � 名

n  E  Z

S o
, 
fro m  a b o v e

,

d o m a in  � R {n n  n E £}

2 n « « x <  (2 n  +  1) n

R a n g e E  \ (2 n + 1) x < x < (2 n + 2)n

it c o u ld be  p lo tte d a s sh o w n  in

F ig 1 92
y - i i

F ig 1 9 2

ダ

(lı) S k e tc h fo r y
I c o s Ą
C O S X

: lilo S k e tc h fo r y =  s ın  
1

jį +j : jĮ)Ţ:i' ; Ţ ī 
= " l

Is defined

{a s ; sin
1 

x  is d e fin e d w h e n  I ×l Ś 11

{a s ; 1 +  x
2 

>  0]

{a s ; x
2  

· I ×l 
2)

{a s ; (l×I 1) <  u  is n u L I

S o
,  
it c o u ld b e  p lo tte d a s



Scanned by CamScanner

Tt-

H e n c e
.  

Th e  g r a p h  fo r v  = , in , ll + x  
2  1

tw o  p o in t s S h o w n  a s

lr j 
is o n ly

1h tıs
,  

th e  sk e tc h  fo r  y ° " "
- ) is o n ly  tw o

p o in ts A  a n d  B

G ra p h fo r e ln '(\  
5)

Fı区 工9 4

W ) S k e tc h  fo r y  =  ıo g v 4 1 +  ıo g 4  0 6 x  
2

B x  +  1)

H w  y - l0 g v 4  * +  lo g 4  (4 x 1) 
2

" " lo g ą  * į)" " . "  · :.°. .  
°

y - ]
,

' ' " e v e r . İ)' ' " '"
.
' ' " . ' " h , " , 

x > o a n d a ¢ l)

" " a h ı.  .
-

R a n g e  � O »

Ł Tı】u s
,  

ť be  gr a ph  is  sh o w n  a s

×D ] 

F ig 1 9 5

ソム

斗

ı Þ

0 1 1 X
气

ı 4



Scanned by CamScanner

Ă I w lw he n e v e l I aln r l /  O iın d  I t f 眉目 C x l :/ O

1, ll. . 

Y - ı  ı  3 (lo g 1) i w he n e v e r X  ¢ n lt ; II Ę Z

姻旧国
i照旧国

D o Ħ1目ııı ti 照 佃网 朴 e * 》

ıtlın g e  e  (ı»

co sy - c o s x  ; re p re s e n ts tw o  stra igh t lin e s

Ľ

y - 2 n 冗 土 x n � 名



Scanned by CamScanner

2

F ig 1 9 8

infin itte n u m b e r  o f p o in ts  o f in te rs e c tio n s ; (s o
, 
if a ske d n u m b e r  o f so lu tio n s  th e n  th  y  a r e  in fin i e )

įiiiAıiıpLE s k e tch th e  c u r  c jo r  s in  y - s in .

àsuTıoN H e le  sin y - sin x  y - n n + ( 1y x  n � z

: 

= 5

酥

卿
二
一

燕
一

燕
一

巍
F ig .  1 .  

9 9



Scanned by CamScanner

i e
, 
tw o  in lin ite  s e t o F p e rp e n d ic u la r  s tr a ig ht lin e s  a s s h o w n  in  p ig , 1 99

T h u s
, 
th e  g ra ph fo r s in  y - e in  x

飞
ţ $ËÀM P L E  F in d the  n u m be r o fs o lu tio n s jo r

1W  9 9 x
s i n =

2  5 0 0

ģ + . . . " " , f (X ) =  s " ' " ' " ) =  

5 ōi '

9 9 x

ı1 to  fın d n u m b e r  o f s o lu tio n s ; w e  sh a ll p lo t b o th th e  c u r v e s a s

F ig 1 1 0 0  

X

/

L2  e  a rly , 
fr o m  th e  a b o v e  fig u r e

, 
th e  n u m b e r  o f s o lu tio n s  a r e  7

t a i  P  L E  ı in d  th e  n u m b e r  o f s o lu tio n s jo r c o s x  =  x  

° -

H n d th e  n u m b e r  o f s o ıu fıo n s  Jo r [x ] =  {x } w h e r e  [* ]
, 
{  · } r ep resen ts

[x ] : =  «x }



Scanned by CamScanner

fi � jįiţÑiŢĘl e į@  f m d th e  n u m b e r  of s o lu tio n s  of

a re  th e  o n ly tw o  s o ıu d o n sa n d  x - å
th e  v a lu e  o f× g r a p h ic a lly s a tisjy in g  [x ] 1 +  x 0  w h e r e

w he re  tw o  fu n c tio n s f (x ) a n d g  (x ) c o u ld b e

X

F ig 1 1 0 4



Scanned by CamScanner

T h u s
, 
fr o m  th e  a b o v e  gr a p h

1
. .W he r e  A  a n d D  is th e  p o in t o f in te rs e c tio n  if

' " '

� x
2

5 =  1 2 x =
,  
47

= I ad ca n d  C  is p o in t o f in te rse c tio n  o f

x
z

5  S  Lx j Ś  x
z

Z  w ine n  X  � iĄ  Ď j u [c ,
.  J

0 5 b 5 3  a n d th e  e q u a tio n  x
2 

+  4 +  3 c o s (a x + b) =  2 x  hos

2
2 x  +  4 = 3 c o s (?  +  b)



Scanned by CamScanner

łX',X- p o in t o n ly w h e n

F lg

[X O LU T IO N  H e r e  ; w e  h a v e

go n o m e tric  S  s in  A
,  

s in  B
,  

s in c

Th r e e

; L e t y  =  s in  x  o n  w h ic h  th e r e  a r e  th r e e

po in ts x  =  A
,  

x  =  B  a n d x  =  C  sh o w n  a s

A s  ħo m  th e  fıg u r e  In  A p Q R
,

C e n tr o id o f A  fo r m e d b y  P (A
,  

sin  A )
Q (B .  

sin  B ) R (C
, 

s in c ) is

G  =  

3
'

3

s in  A  +  s in  B  +  s in c

Ų

:

书

慧

囊

i;

X

i  g
u r e� H l >  G I

l;

1 1 0 6

F i8 1 1 0 7

G  (A  +  B  + C  s in A  +  s in H  +  s in c ı" Ļ 3
'

3



Scanned by CamScanner

F ig 1 1 0 8

c  A  +  B  c o s e c B  +  C  c o s e c  C  <  3
2  

P rm  fig u re

ı\o p e  o f O P  >  e h p e  o f O S

1.  
W .  

V
吕 O 冗

¢in  B  2 B  n

= p 
B  1r 

o r 
m  

<  

2

B  c o s e c  B <  
1c 

2
: 

++þ, 
Blo pe  o f o q  <  sto p e  o f O S  a n d s lo p e  o f O R  <  s lo p e  o ]

2

1 1 0 9

C  c o s e c c  7o/2

A  c o se c  A  <  Tc/ 2

a th o d 【 : ïn  d iffe re n t q u e s tio n s  o f trlgo n
o  rrı 

etri

u e s tio n s

\ * 
B

, 
C  <  

n  
th e n  sh o w  A  c o s e l



Scanned by CamScanner

\  : ; Ī

'

ー ー
ニ

가丘
；罾

4

C o n s tnu c t th e  g ra p h fo r

X T X 〈 0

(ï) f (x ) 
=  « ; x  =  O

2

�

闷寧 찌 〉 リ

2 C o n s tru c t th e  g ra p h o f th e  fu n c tio n

: i ) f (x ) =  

X
l 5 x ś 1

X  ; l 5 x < 4

4 If f ïs  d e fin e d by y - f (x ) ; w h e re x = 2 t III,

y  =  t
2 

+  trtl, ı E  R T h e n  c o n s tru c t th e  g ra p h

fo r f (x )
5 C o n s tru c t th e  g ra p h fo r f (x ) =  [t×] x ] ; w h e re

[  ] d e n o te s  g re a te s t in te g e r fu n c tio n

ta n
1 
a  rr

6 If O < a < 1 ; th e n s h o w
, 

a  

>  T

(w he re  [  ] d e n o te s  g re a te s t in te g e r fu n c tio n )

.  f(x ) =  t ; X
3 Is  f (x ) =  x

2  
+  x  +  1 in v e rtib le ? If n o t in  w h ic h

re gio n  it is  in v e rtib le

7 F in d  th e  n u m b e r o f s o lu tio n s  fo r

c o s
'
(c o s x ) =  [x ] w h e re  [  ] d e n o te s  th e

g re a te s t in te g e r fu n c tio n

8 F in d th e  n u m b e r o f s o lu tio n s  fo r

[[×] x ] =  s in x  w h e re  [  ] d e n o te s  th e  g re a te s t

in te g e r fu n c tio n

9 F in d th e  v a ıu e s  o f × g ra p h ic a ıly w h ic h s a tis fy

X  
5 1

F i

10 F in d th e  v a lu e  o f ×fo r w h ic h x
3 [x ] =  3

, 
w h e re

[  ] d e n o te s  th e  g re a te s t in te g e r fu n c tio n

2

N S W E R S

1 
7 .  

5  s o lu tio n s 8 In ïin ile  9
3 .  X Ż Ź



Scanned by CamScanner

, 
ı

一

臨
回

密

室

函
醒

醒
一

车
隊

一

趙

可 L  m e e ts  C o n ly a t P b u t is  n o t

ta n g e n t to  c

X

F ig 1

L  is  ta n g e n t to  C a t P b u t m e e ts  C a t

s e v e ra l p o in ts

h  V
æ  A

F ig 2

W b n ge m to  C a t p bu  Nes  o n  lw o
a id ' "  C

,
.  Ro es l.  g C a t F .

F ig .  3

i �.

· 蛐蹋 籙蠶国園目國



Scanned by CamScanner

ılt d ııı c
h a p te r  w e  s h a ıı s t u d y

The  be n din s o f c u rv e s  a t d iffe re n t p o in ts

Tra n sfo rm a tio n s o f c u r v e s

C U R V A T U R E

* ib e  s tu d y  o f b e n d in g  o f c u r v e s  a t d ifr e r e n t p o in ts  is  k n o w n  a s  c tır v a in ır e
"

o r  
" R a te  a

*u cb th e  c u r v e  c u r v e s
"

Con side r a  c u rv e  a n d  a  p o in t p o n  it a n d  le t Q b e  a  p o in t

near P LetA  be  a  p o in t o n  th e  c u r v e

a r c  A P  = s
, 

a r c  A Q  =  s +  ôs

a rc  p q  =  &

le ty a n d V  +  ôy b e  a n g le s w h ic h  th e  ta n g e n ts a t p  a n d

Qm altes w ith x a x is

: ôy  is ca lle d th e  to ta l c u r v a in ır e  o f th e  a r c  p q

y  is called th e  a v e r a g e  c a m e  o f th e  a r e  p q

x is

Þ X

05 r ıs   = a

nm y .  
@

.  c w a m e  o f th e  c ıır v e  a t  p
0  Ós ds

c u rv a tu re  w e  s h a ll d e  n e g o r  

ゴ
ロ
目
四
回
一

二

燮

曇

Ø c o N C A V IT V
, 
C O N V EX IT Y  A N D  PO IN T S O F ıN FLEX IO N

m  
ı

Ľ"7 Co n c a y e  u p w a rd s

n e ighb o u rh o o d o f a  p o in t p  o n  a  c u r v e  is a b o v e  th e  ta n g e n t a t P
, 
it is s a id to  b e  c o n c a v e

ń \ '

ry? ° '"

illc!șases a s jc in c re a se s = > >  O

d x
2



Scanned by CamScanner

1 1

。
,
,

甍
屋
每
ぎ
主
氐
.

目

篷

G e o m e trıc a ıly

g e n t

+ y

F lg 2 2

lf th e  c u rv e  is b e lo w  th e  ta n g e n t a t p , 
jt is s a id to  b e  c o n v e x  u p w a rd o r  c o n c a v e  d o w n w ard

ダ

0

a t he m a t lca ıly d
 2 y�

d e c re a s e s a s x  d e c r e a s e s = ) 
d x

2

?

G e o m e trfc a lly 
yı v mg e n t

围
ı X

F ig 2 3

If a t a  p o ín t p
, 
a  c u rv e  c h a h g e s  its  c o n c a v ity  fro m  u p w a rd s  to  d o w n w a rd s  o r v ic e  v e rsa Then

c a lle d ïn t o f in fle x io n

v Į · y ļ ı
籬

Þ X



Scanned by CamScanner

į +

į a  F e p¢e s e n  ĺ  c o n c  avi a s ;

ge n t

ı
V ŁŚ

门
声
自

帅
自
ビ
固

唧
@

出

ıe w  Ë ha s  ro o ts a  a n d B a n d  w o u ld b e

a f  oqaı 
ı 2 6

m  dbo ¢e  I { M  it b e c o n ıe s  c le a r th a t to

E Ĵ tų6  w e  re  \  e

M ai e Eia a se c Eis n  o ï ı » a x is (i e
,  y - O)

@ teĤ Ŗ  o E m m m n  a n d  n ıin im u m  v a lu e

lior  w h ich  fu n c tio n  in c r e a s e s o r

dea e a s es

p e  af W  c o iıc a v e  u p , 
c o n c a v e  d o w n

a iä poin t o f inflexion

自如 一 y = (x 1) (x 2)

:  
y =  x

2
3 x  +  2

dy
.  2 Jc 3 a n d

$ dc

L  n inim im ıa t x - å
a n d d e c r e a se s w h e n

(fo r p o in t o f in te rse c tio n  o n  x a x is )

Ĺl į
i

. u m  =  312

二
醒
艷

丰

雖
靄

一

窮
靄
一

轉
げ

、



Scanned by CamScanner

h  : ł 3

睏
隱
攤
篱
下
一

-

口

H e re  
C

_ 3×
2 1 2 r  +  1 1

?

6

】n a e a se s w h e n  x  <  T
6 +

X  >
v ' 3

6 ß 6 +  ß
d e æ e a s e s  w h e n  

3 
<  x <  

3

C o n c a v e  u p w a rd s  w h e n  x  >  2  a n d

c o n c a v e  d o w n  w h e n  x  <  2

Skel. ľ  1)
2
(x 2 )

cï 7 V

11 Łin d
" J  

= ó x ]2
d r

2

m in im u m  \ųh e n

6 +

X = a s
O
口

F ig 2 8

+  5 x 2

.  3×
2

B x  +  5   a n d =  6 x 8 '

d x  d JC
2



Scanned by CamScanner

to
l 11 i  \ ı 

ı, 
ttthep

lłťì
t  ; b   

inđ
¢a i e

ı w he Ħ

Bx  +

p¢cı
1 ın se s 

w ıte n

3 dx
ı

5 

3

x く 1 o r x ン ニ
，

l < x <

ļl 
tncave 

u p w
he n  x >  Į t °

OONıVe 
dow n  w he n  x  <  

3

島ske tche d a s sh o w n  ln  F i呂 2 9
― ― ― ― 二 妞 2 9

骂

rLt Ske tch the c u r ve  y - 3×
2

2×
3

setu
TłoN 

H e re  y - 3×
2 2×

3

x  =  O
, Î w h e n  y - O

#  m axlnıu m w h e n  x - 1 a s y -

(iil

d  m inim u m  w h e n  x = 0  a s = 6

yina eases w he n  0 <  x <  1

ldea eases w he n  x < 0  a n d x > 1

(i)

X

(iii) 
Fig 2 10

Concave up w he n  ; x  <  
1

foncave dow n  w he n  x  >  
1

2

is ske tche d a s sh o w n  in  F ig 2 1 0

yiļ jie ske tch th e  g r a p h jiÐr  th e Tu n c tıo n  f(x ) =  Ix +  31 (x  +  1)

x  = 1
,

3 w h e n  y - O

X #  J



Scanned by CamScanner

x +  1

X ÄNiŕ l  S ke tch th e g r a p h jo r  f(x ) =
.  

2  
+  3

x  = 1 w h e n  y -

y  = w h e n  x =

In c r e a sin g w h e n  ; 3 <  x <  1

D e c r e a sin g w h e n  ; x < 3 o r x »  1

1

3

i ,

x +  1

S O L U T ıO N  H e r e  y -

X  
2  

+  3

?  (x
2

+ 3) 
2  (x

2
+ 3) 

2



Scanned by CamScanner

ł
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so LU T IO N  H e re  firs t w e  s h a ll p lo t th e  c u r v e  fo r  y - s l n [  w h e n  x  E  【0, 
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'
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Fle re , 
1o  pıo l [y ] - f(x ) w e  c h e c k o n ly th o se  p o in ts  fo r w h ic h  f(x ) � in te g e r s
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a s [y ] � in tegen

T h u s ; tl J - f (x ) re p re se n ts o n ly In te g ra l v a lu e s o fy .  
H e re
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d o m a in  o f f (x ) a r e  s e t o fv alu es ofŊ

fo r  w h ic h f (x ) � In le g e rs ,

E  X  A  M  P  L E S ke tch tile  c u r v e

[J ] =  s in  x
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1 a re  o n ly s o lu tio n s

x - � D o m a in  o f [y ] =  s in  x

T h u s
, Ĺy] - s in  x  ls sh o w n  a s In  F lg 2

.  
1 3 2

G r a p h  fo r  y - a ın  x

ダ
血
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F lg .  
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D
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E
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A

'
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B

'
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D

'
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E

'

,
Is  th e  g r a p h  fo r

c a n dle s),  
o r  g r a p h  fo r  Ĺy ] =  s in  x

: A  M  P L E  S k e tc h  th e  c u r v e  U ] =  s in  
'

.

S O LU T IO N  A s  w e  k n o w  th e  g r a p h  fo r  y - s in
1 

x  s h o w n  a s  in  F ig 2 1 3 4  a n d  2 1 3 5

G r a p h  fo r  y - s in
l  

x  
G r a p h  fo r  [y ] =  s ln

l 
X

X

F ig 2 1 3 4  
F ig 2 1 3 5

Fro m  a b o v e  fig u r e
, U ] =  s in  x

(xviıi) y  =  1 (x ) tr a n s fo r m s  to  [y ] =  [f (x ) ] 
tr a n s fo m ıa d o n  (x iv ), 

a n d w e  kn o w  W ] im p lie s

A s w e  h a v e  e a rlie r  d is c u s s e d  y - [f (x ) ], i e
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only tho s e  v a lu e s  o f × fo r  w h k h  f  (X ) E in te g e r
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N e w  o b ta in e d fu n c tio n  is g r a p h  fo r  y - f({×}}"

+ 4  
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1, pe at for 
le n g th

'
o n e

'

.
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A s to re ta in th e c u r v e w h e n o ś y < 1 a n d sh ift o th e r s e c tio n s o f g r a p h b e tw e e n y - O to J ·

G r a p h  fo r  y - «s in  x »

ŕ  i æ į  '¢

F ig 2 1 4 6

į oi 
E  

A s w e  kn o w  th e  c u r v e  y - x
2

, 
is sh o w n  a s

G r a p h  o f s ln  x

團 围 吕
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EX A H P L E  S k , n Ìï  th e  m  y - {,,
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sho w n  a s 
G r a p h  fo r  y - {e ×»
T o  r e ta in  th e  g r a p h fo r O  ś  y  <  1 a n d  tr a n s fo rm
th e  o th e r s  to  O  ś  y  <  1

Fig 2 .  
14 9

(ï xi) y  · f (x ) tra n sfo rm s to  y - (f (fx }) J

Ske tch tl

w e  kn  o  w  .
, 

s  p lo tte d a s  sh o w n  in=  e
, 
is  p lo tte d a s  sh o w n  in  F ig 2 15 1

v  w  i ų >: tv la ln  tł\e  g ın Þh fa ı o 8 v .

F lg .  2 .  1 5 0
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X

F ig 2 1 5 1

N o w  to  sk e tc h y  = ¢ "re'"in th'
\  JÐ

y - e  
× b e tw e e n  0 5  x <  l a n d  re p e a ín j

re a l x
. 
(x }

G r a p h  fo r  y - e

F ig 2 1 5 2

G r a p h  fo r  y - «e
«×»»

2 1

F ig 2 1 5 3

H e r e
, 
w e  k n o w  th e  g r a p h  fo r y - e

'×}
, 
n o w  to  p lo t str a ighÆ n e s ll to  a x i s  fo r  in te g ra l v alu e s of?

a n  d r e ty  th e  g r a  p h  fo  r o ś y <  1 a  n  d t r  a n sfo rm  th e  o th e rs  b e tw e e n  O ś y  <  Ľ

r
°

E  įK A  M  Þ L E S k e tc h th e  c u r v e  y  =  {sin {×}}

s o  u  Io N  A s  w e  kn o w  th e  c u r v e  y  =  sin  Ķ  is  p lo tte d  a s

G r a p b  fo r  y  =  s ln  x

X

F ig 2 1 54
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G r a p b  fo r  y - a iıı«×}

G r a p h  fo r  y - « 8 { ×» »

Fro m  a b o v e  fig u r e

y - s in {×} O ś y < L

F ig 2 1 5 6

So
, 
th e  gr a p h  o f y - s in {×} a n d  y - {s ín {×}} a r e  s a m e

(xxil) y =  1 (x ) tr a n s fo r m s  to  fy } =  f (x )

H e re  re ta in  th e  g r a p h  o f y - f (x ) o n ly  w h e n  y - f (x ) lie s  b e tw e e n  y  � [q  1) a n d n e g le c t th e

graph fo r  o th e r  v a lu e s

Graphic a lıy ït c o u ıd  b e  s ta te d  a s

2 1 5 5
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S ke tcl] tlze  c u r v e  {y } =  x
2

S O L U T ıO N  A s w e  k n o w  th c  c u rv e  fo r  y - x
2

, 
is  p lo tte cl a s

G r a p ıı fo r  y - x
a  G r a p h  fo r  «y } =  x

2

E  X  A  M  P  L E  S k e tc h th e  c u r v e  {y } =  s in  x

S O L U T ıO N  A s  w e  k n o w  th e  c u r v e  y - s in  x
, 
is  p lo tte d  a s sh o w n  in  F ig 2 1 6 0  a n d 2 161

G r a p h  fo r  y - s in  x

F ig 2 1 6 0

N o w  to  s k e tc h  {y } =  s in  x  w e  r e ta in  th e  g r a p h  fo r  o  ś  y  <  1 a n d  n e gle c t th e  g ra ph fo r o thđ

v a lu e s

G r a p h  fo r  {y » =  s ln  x

n e g le c te d

F ig 2 1 6 1
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(xx lll) y
- 1 (X ) tr a n s fo r m s  to  {y } - U  (x ) J

A s w e  h a v e  e a r lie r  d is c u s s e d y  =  «f (X )) (/ f
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trijn Rfi»rm n tio n  (X X )
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w h ic h * ho w #  y   íf (X ))

G r łıp h  fu r  y   rx )

F ig 2 1 6 2  Fıg 2 1 6 3

G r a p h  fo r  «y » =  {x } F r o m  a b o v e  fig u r e  w e  c a n  s e e  y - {x } a tta in s  a ll v a lu e s  b e tw e e n  [0 , 
1)

Thu s
, gra p h r e m a in s s a m e

X
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ijÞ
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iliE S k e tcìı th e  c u R v E  {y } =  {c o s x }
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igj į " " 2 1 6 6

(x x iv ) y - f (x ) tra n sfo r m s  to  y - f
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(x )

A s d is c u s s e d  in  c h a p te r 1 y - f
'
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" In te rc h a n g e  x  a n d y a x is w h e n  fu n c tio n  ls bue c tlv e
"

G ra p h lc a ııy ït c o u ld b e  s ta te d  a s

f (x ) ; w h e n  f (x ) >  g  (x )

g  (x ) ; w h e n  g (x ) >  f (x )
中 如月甲

4  
th e  gra p h o ff(x )

□ h  (X ) rıJin irn u rn  (f (x )

:
,

: 
f( w  e  n  its  gr  a  h  is lo w e r a n d  o th e r w is e  s k e  t g (x ),  :

.
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y - co s x by  a  d o tte d � u r v e  a s  e a n  be  g e  � n

lio m  th c  g ra p h  ın  th e  In te r v a l 7【
, )

and the n  da rke n  th o s e  d o tte d lin e s  fo r
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，
. g ：
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Th u s
,  

th e  g r a p h  fo r Y - [×J +
.
/m  is  o b ta in e d  b y  th e  g ra p h  o f y  =  J x [x ] b y

» 0  o r  [x }< a  a c c o rd in g  a s  r

°

1

ー
ゴ
ー

，̃

학
了

一

薯
兹
卫
「
目
一

曲
日
日

鼎
隅

F ig 2 1 7 9

Thw th e c tır v e fo r  y - [×J + Jm i
Fro m  a b o w  c tır v e  w e  c o u ld d is c u s s  th a t

y - fx l +  
ì
m  is  c o n tin u o u s  a n d  d iffe r e n d a b le  fo r  a ll x

The gra ph fo r  y - l[×J  · J i l
gw h o fy - [x ] + J  a b o u t  a n d k e e p in g  th e  p o r tio n  ly in g  a b o v e a x i s  (a s  it is)

Thu s
.  
The  gr a ph  fo r  y - 1 [x 】 +  di l i I  

F ig 2 1 8 0

is  o b ta in e d by  r e fle c tin g  th e  p o r tio n  lyin g  b e lo w  a x i s  o f th e
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i : H A M p L E  S k e tc h th e  c u r v e  y - (1 x
2/ 3 ) 

3 / 2

m  a b o v e

丁
一

瓤
サ

ー

X

F ig 2 1 8 1

园
開

画
國

脳
。

园
關

斟
蟹
瑙
画

X  
}

S O L U T IO N  H e re

(b) W n e n
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rr u w  th e  g r a p h Jo r

SOLU TŁO N  A s  w e  k n o w  th e  g r a p h  fo r  y - x 1

F ig .  
2 .  

1 8 5

(e) 
-
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(e )

一

一

一
ー

ド

が
ー

羽

X

F ig .  
2 1 8 8

飞 -+

Flg .  2 .  1 8 9

į  · f 
?

'
.

Fıg 2 18 6
F lg 2 ,  

1 8 7
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(b ) 夕 一
上

。 。 。

X 1 ĺ r  ii

0 1 1
Þ x

X =  1

F ig 2 1 9 1

y =

1
今 ブ ー 2

1

X

F ig 2 1 9 3
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łA  &

ĻŤ TŤ
lx ï

: E X A M P L E  s k e tch th e

T 
a p  "

Į ! j ı 
s
. 
L U  T  ı 0  N  

ı'

(ı) y  =  e ' e  t t tl  J lı 丁  »

:  

:  

:  

:

(ı) H e re  y - e
li t

e
'

y - ł
T

.
X

; 

; 

X

k

'

o

T o  d is c u s s ; y - e
x

e
x

(i) w h e n  x  =  O  y - O  (It  p a s s e s  th r o u g h  o r lg ln )
(ii) w h e n  y - 0  4  e

2 x
1 =  0  4  x = O

(iii) f ( x ) = f (x )

y  is  In c r e a s in g  fo r  a ll x

(v )  ·
=  e

d x
2

>  0  w h e n  x  >  0  c o n c a v e  u p a n d  in c r e a s in g

a ls o  
d 2

.
J  

<  O  w h e n  x  <  O
d x

2  c o n c a v e  d o w n  a n d  in c r e a s in g  fr o m  a b o v e  d is c u ssio n
y  =  e

x
e

X  is  p lo tte d  a s  sh o w n  in  F ig 2 1 9 6
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Tb u s  fro m  F İg 2 1 9 7 y a  O y  く 0  

/

F f  2 1 9 7

o  
e  

2 
»  
*  

¢ 

a间 POtdng o f y = イ1 여
e

y - l +  e e ; x ž O

>  X

F ig 2 1 9 8

X

F ig 2 1 9 9

ア ー e
t x l e

·
- 》 y - l +  e

'x ï

v

1 +  e  
X

e
X  x 0

J -

1 x < 0

Th u s
, 
the  gT a p h  fo r

,  
y - 11 +  e

'×l e
" 1

is sam e a s  y  =  1 +  e
l×l e

x

G m ph fo r  y - 11 +  e
'.  ı e

x  1 is  s h o w n  in  P fg 2 19 9

Płm n g o f ly l =  11 +  e
þ4 e

X  l

Fro m  a bo v e  Į íg 2 1 9 8

4
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rm rT rT ĺ n rTr 

"

lh¢ a re tł bs u n d ed btttw û ñ n  lw n  c u rv¢İe ,

}łła ın  alv # n  ñgut a h # tle  P R rl lđpIßeents 

UUU!!HŅ!!!
,

Ullj ļUIU
' "

y"
, 

Fıg , 
2 2 0 ]

£X  A M  P  L t  S ke[cì \ tire � u rv e o f tł\e lbl[o w ln g

ĝ  + ıO LU TıO N

Ĵ  (n H e re  to  ıı¢e to h , lx  ł  y l 2 1

w e  kn o w  x ły l >  1

x + y  iz 1

x + y g = j

n r x + y l

a n d x 1
, 
y < 1

P lret w e  ¢lm ll d ra w  the  g ra ph fo F

x  ł y - 1 n n d x   ł  y " J
, 
n o w  w e

sh¢tıl «o n #ld e r e n y fix e d p o in t e a y

(0 , 
0 ) n m l ch e e k  x   ły  2 1 a n d

x  +  y  f .  j ho ıdl e F n o E,

A # : x I y  ? 1 0 2  Į  (fa lße ),

«had ed pa rt l# a w a y fro m  o rl 吕 In ,

a ga in  a $l x  +  y  =  1

O £ 1 (fe l»e )

l

ä)m de d pa rt l* a w a y fro m

#h cıw n  a » 1n  Plg , 2 , 202 ,

(ıı) T o  ııt* ıo h ltr - yl8 1

e  kno w�

口「1吕ln
F18 , 

2 ,  
2 0 2

Ix - yı 5  1

] - x s - y  $ I -

łfrí łn \ n lı!łv ra #\]ı  ¢) r hp ť l » ïty l»a ın t «¢ıy

(0 , 
0)

a *  (ł Ill cmm łe , 
ıh u li lıı »ıttrtle  # re R

t¢rw ¢tt
°d p (0 , 

0 ),
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'

ï n  fig u r e  s h a d e d  p a r ts  is  to w a r d s  o r ig in  a s

p u tthıg a n y  fix e d  p o in t s a y  (0 ,  
0 ) ; in  ł x y l ś  1

叻 10 0 1 ś  1
X

lx y l ś  1

F ig 2 2 0 3

l

(I) Oi)

F ig 2 2 0 4

Fro m  a b o v e  gr a p h  o f Iï  I =  2 l× I, w e  c a n  c h e c k  sh a d in g  o f

ly lś 2 I× l o r  l× l+ lJ lś 2

as a t (O
, 
O) 0 5 2  (tr u e )

sh a din g  to w a r d s  o rigin  sh o w n  a s  in  F ig 2 2 0 5

(iv) Sketc hın g o f ïx  1 1 y  1 1

To ske tch I× l ly  J 1 w e  p r o c e e d  a s

X

F ig .  
2 2 0 5

(llı) T o  s ke tc h  lx l+ ly lś 2

H e re  ly  I =  2 I × I is  p lo tte d  a s

To ske tch I× l ly  J 1 w e  p r o c e e d  a s
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(lv )

R P  L E  S ke tch th e  c u r v e

小

馥
鑾
藏

收
け

园

囲

琊

矓

釀

S O

ū)�

U T IO N  (i) A s  w e  k n o w

l2× 5 4  \× p ly l

T h m
, 
to  sh a d e  th e  p o r tio n  w h e n  2  Ś x  Ś 2  a n d Z  S  y  į  á - ııU V '

T h u s
, 

to  sh a d e  th e  p o r tio n  w h e n  x ś 2 o r  x ż  2  a n d y  ś 2  o r y  2 sh o w n  as 
ia

F ig 2 2 0 8

F \g 2 2 0 8

F ig 2 2 0 6

一 -

上

2  
H +  F ıııı E

Þ  X

L1ĺ 
ıx  +  Yl +  lx yï 5 4

■

F ig 2 2 0 7

F ig 2 207
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5 1 ; × Iś
2  

a n d ıj ıś

T hu s
, 
to  p lo t lJ l +

'
ś  2 lx l

,2  w e  p r o c e e d  a s

Sho w n  a s  ; (iv )

2

0  > x

F ig 2 2 0 9

n e gıe c t

X

1/2

Ľ

爿
-

鳥
月
コ
勇
飾

e
汽

凋
售
3

怎

뇌

准

洹
涛
一

倡

诩
卅

瀛

tc fı th e  curvejorı

(io

So LU
T IO N  (1) H e r e  2 l' 'lJ l +  2 l×l '

ś  1
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自白、

IĄc r c
, 
fig u ıE  (iv ) is sh a d e d to w a rd s o rigin  a s p u ttin g x - O

,  y - O  In  IJ I <

0  Ś 1
1 

o r 0  Ś 
1 

w h ic h is tr u e
, 
th e re fo r e

, 
s h a d e d to w a rd s  o rig in

(11) P lo trin g o f 2ı×ı I y  1 +  2 l
×l ' ś  1

1 1
lx ıく二 a n d  lJ Iś

2  2

fro m  a b o v e  fig u re

2 l ×'IJ  ı +  2 l  
· 1 ' Ś 1

1 1
a n o  ı × I 5  

2   
· ly ı 5  

2  
s n o w n  a s in

F ig 2 2 1 1 F ig 2 2 1 1

ò x e rc rı th e  g r a p h o f th e Tu n c tio n

f (x ) =  lo g 2 (1 x  
2
)

lo g 2  (1 x  
2
) e x is ts  w h e n

,
l <  x <  1

d o m a n  � ( 1
,  
1)

x - - 〉土 1 = 〉 y 分 o o

a ls o
, -

2  e (1 +  x  
2
)

d x
2  

(1 x
2
j2

< 0 fo r  a ll X  � ( 1
,  
1)

: y - lo g (1 X  
2
) is  c o n c a v e  d o w n  fo rx  � ( 1

, 
1) } (iv )

I fr o m  a b o v e  r e s u lts w e  c a n  d ra w

y  =  ]o g 2 (1 X  
2
) a s sh o w n  in  F ig 2 2 12

叫
罗
公
园

II I ' l!  « ı0 g 2 \ı A '

Fıg ,  2 2 1 2

a s

d ifre r e n tia d n g

w e  g e t

U s in g  n u m b e r  lin e  r u le
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:ëji-P.E s k e tc /ıt/ıc g r u p /ı o í y  =  lo g (s in R )
, 

so LU T IO N  H e r e

? . - Io g (s in  x ) is  d e fin e d
, 
w h e n  s in  x >  O

(ii) 
Sin c e , 

s in  x  is p e r io d ic  w ith p e rio d 2 n

= ) X  � (2 n rr
ł 
(2 ıı +  1) rr)

fo r  e n tir e  n u m b e r  lin e

x ) w h e n  x  � (n  n ) a s  e x is ts w h e n  x  � (o
, 
n ) a n d  th e n  p lo tte d

(币)
a s  X -〉 O = 〉 y - lo g (0 ) = _

a s  y  O  s i n x  1 X =  

n

2

回

T hu s
, 

in c r e a s in g  a n d  c o n c a v e  d o w ıı x  � (O ,  
rr/ 2 )

d e c r e a s in g  a n d  c o n c a v e  d o w n  x  � (n / 2
,  n

a n d to  p lo t th e  c u r v e  o n ly  w h e n  x  � (2 n n
, 
(2 n  +  1) 7c) S h o w n  a s  in  F ig 2 2 1 3

Þ X

2 n

.  C O S X  =  c o t x
(iv ) dx  s in x

d x

cgy
> o  w h e n  x e  O

, Ŝ
g .  Q

, 
w h e n  X  � å,

d 
2 
y

. c o s e c
2  

x  <  0  fo r  a ll x  � (Q  rr)
(v)

50

' " w y  
S k e tch th e g r a p ìıTo  

i s

= lo g sin x  
e

° u tllTıo N (i) H e r e
,  y - lo g s ilıx  

e -

,  
s in  x  

is d e fin e d w h e n
,

s in x >  O  a n d s in  x #  1

i
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ľ

1
y - is  p c rio d lc  w ith p e rio d 2 n ,

lo g ,  
s in  x

a n d B ke tc h fť»r tł\e  e n tıre ı\u rnlw , ılnc凇
ヒ 냐

C O T X

o r  >  O  w h e n  x  �

d x  

<  o  w h e n  x e

. .  
�  s in  x ) 

2
( c o s e c

2 
x ) c o t J 2  (ıo g sln x ) cīlt A

d x
2 

(lo g s in r ) 4

.  

{(lo g s in  x ) 2  c o s e c
2
x  +  2  (lo g  sln  x ) c o t

z
ť }

(lo g s in  x ) 
2

y 
>  0 fo r  a ll X  � (0

, 
tc) Į

ーシ

打

心

T h u s
,

1 
in c r e a s in g a n d  c o n c a v e  u p J G: u p A G  ĹĮ ,

"

lo g  s in  x  
d e c re a sin g a n d  c o n c a v e  u p x  ee u p x e  o

, Į)
p l 1'

Flg ,  
2

,  2 14

, liı. P ie  S k e tc h the  c u r v e

(ï U ] =  c o s x  x E [ 2 1【
, 
2 n ]

(iı) b r] =  [c o s x ]; x � [ 2 n
, 
2 7c] w h e re  [ j de n o tes greatesmtegerjhn(ti''"

X

to  d is c u s s th e  g r a p h fo r  x E  (q  ıc) {n / 2}
d y  1

�

= 十 C O S 黑 嘟
a x  (lo g  s in  x r  sin x
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[y ] =  c o s  x  is  p o s s ib le  o n ly

w h e n x  � İ  2 .  İ  
,  

İ  7c
, 

į  Į ,

T h u s
,

C O S  X = 1 ニ ウ 1 ś  y 〈 O

C O S  X =  0  O ś y < O

c o s  x =  1 1 ś y < 2

T h u s
,  

[y 】 =  c o s x  is  p lo t te d  a s

s b o w ıı In  F lg 2 2 1 6

S ke tc h ın g  o f [y ] =  [c o s x ]

First to  p lo t y - ic o s  x ] S h o w n  a s

ダ

2  0

F ig 2 2 1 7

Fro m  a b o v e  fig u r e  y - [c o s x ]

3 7

3 1【

o  ; o  <  l× Iś Å a n d T
ś I × l< 2  1c

1 l× I =  Q
,
2 1c

y  = <  2

1h u s
, w h e n  y - O

y - 1

y  = 1

İ

U

F ig 2 2 1 6

令

二

r
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T h u s ,

卧
嗍

四
叫

。

˜

段
逐

; Ë X  A  M  P  L E  S k e tch th e  c u r v es

l

S O L U T ıO N  A s  w e  k n o w

(1) y - 4 [x ] c o u ld b e  p lo tte d w ith  in  tw o  s te p s

ブ ー 4 x 〉y - 4 [x ]

(ln  

æy  X H  
t e

g r a p ıı fo r  [y ] =  [c o o  x ]



Scanned by CamScanner

G r a p h  r  [ı] =  4 [x 】

! nn īlr d e d

一一-3 」国ユユ김

F ig 2 2 2 0

In  a b o v e  c u r v e  lo w e r  b o u n d a ry  a r e  in c lu d e d a n d  u p p e r  a r e  e x c lu d e d

(U ) T o  s k e tc h  [ly  IJ =  4 [i× Il

図  =  4 [x ] 今 け ] =  4 口 x l】 今 디ア 」 ] =  4 디 x l]

X

\  
Fig .  

2 ,  
2 2 1

s ha d e  tlie  r egio n  w h o s e  c o o rdin a tes  x  (ın d y  s a tisfy  th e  eq u a tic

C O S X c o s y  >  O
i 

uTıoN H e re
.  c o s x c o s y .  o  c a n  b e  w ritte n  a s

,  
2 sin  C J c y ) s in
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昀

o r

囀

H e r e
, 

th e  e q u a tio n

d iffe re n t v a lu e s  o f k

S a y 
k =  0

, 
1 = > y - x  a n d y - X +  2 Æ

i e
, 
th e  s e t o f p o in ts  w h o s e  c o o rd in a te s  s a tisfy  th e  in e q u a lity

O < x + y « 2 rc

S im ila rly , 
fo r  g e n e ra ı p o in ts  2 k lc <  x  +  y  <  (2 k  +  1 ) n

N o w
, 
th e  s e t o f p o in ts  w h ich  s a tis fy  s in  ( ).  o

Įiļ

X
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2  
<  (2 n  +  1 1

：彦
2  (? n x ) X + « 2 { 2 n +  ı) 8

o ııķ  ttıo se  p o in ts  o f T ľ  \ ť h ic h  s a w  E q (ii)
(ii)

 a  (Zp - )  R< , - r < 2 (2p )  R�
Fıo ııı a b o v e  nestłl g r a p h  fo r  c o s  x  >  c o s  y  is  sh o \ m  in  F ig 2 2 2 2

(ū i)

IXAı* P L E  S k e tc h d le  c u m e ľ  3  + Y  
3

.  A
z  3

i so Lm  O N  A s  to  s k e tc h x '
. v

z '
. .

"

ro  c u n pe  is  ?ınmetric a b o u t y  (a s  w  h e n  x  is  r e p la c e d  b y  ( x ) c u r v e  r e m a in s  s a m e )

6Đ c u n e  is  sjT m a e tr ic  a b o u t x a x is  (a s  w h e n y  is  r e p la c ed  b y  ( ľ ) c tır v e  r e Jn a in s  s a m e )

@ D c u r v e fs  sĮ etricaboutorigin (a s  w h e n x is re p la c e d  b y Y  a n d ľ  b y x c u r v e  re m a in s  s a n ıe )

(iï ) W n e n
,  x = O  = > ľ  =  į a

(0 Y  
2 73

_ (a z  3
x  

Z  3  
ı

o r v
2

_ (a  
2 /3

X  
Z 3  

) 
3

d iã e ï e iıtia tin g  b o th  s id e s
.  2V - 3  (a

z '
x

z 3
) 
2 Ŝ .

' "

gra p h  u s in g  E q s (i).  
(u ) a n d  (iii) ] 

(W  F n o n ı a b o v e  y _ x
Ļ 3

(a  
2 7 3

x
z f3 ) 

2

dı 

 - ĺ y�
a g a in

.  
w e  9 e t

2 7 3  ) 
2
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E lim in a tin g  c o s  t n n d  s in  r fr o m  a b o v e  e q u a tio n s
,  
w e  g e t x

2 / 3  
+  y  

2 73
_ Q

2 13

w h e r e  th e  q u a n titie s x  a n d y  a r e  d e fin e d  fo r  łıll v a lu e s  o f r B u t s in c e
,  
th e  fu n c tio n s  c o s

3 
r a n d sitra

p e rio d ic  w ith  p e r io d  2 n
,  
it is  s u ffic ie n t to  d is c u s s  th e  c u r v e  fo r  t � [0

,  
2 n ] ( aï e

D o m a in  o f fu n c tio n  � 10 .  
2 ï c)

R a n g e  o f fu n c tio n  � [ a ] tij

= 3 a  c o s
2  

t s in t

=  +  3 a  s in
ž  

t c o s t
(İf】

O n  th e  b a s is  o f a b o v e  in fo r m a tio n  w e  c a n  sk e tc h

x  =  a  c o s t

F ig 2 2 2 4

3

į . E Á Ńi p  ĹE � s k e tc h  th e  c ıır v e s  

e

T U  0) 
S k e tc h ın g  o f f(x ) =  y  =  

.
(

 a) .  (- )  = f  (x) ,
 e v e n  or  sy m m e t ric ab o u t y - x i s�

T h u s

N o w
,

y - b s in
3  

t

S tu d e n ts  a r e  a d v ic e d  to  c o n v e r t th e  c a r te s ia n  in to

p a r a m e tr ic  if p o s s ib le
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Fig 2 2 2 5
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n

ĝ

d 2  
y 矿'

e
x

d k z  2

fıo ın  E qs m
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(íi)

,  
(iii) a n d  (iv ) g r a ph  o f y -  

ガ
'"

F ig 2 2 2 6

thæ  ? a n  \  {U .  @ )
.  
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From  abo v e  a r ticle
, 
if w e  n e e d a n  a sy m p to te  p a r a lle l to  y a x is , 
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